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INTRODUCTION TO DOVER EDITION 


Some people seem destined to be centers of controversy. I can 
think of no one who would dispute Gabriel Kron’s eminent right to 
be numbered among them. 

Kron's early work opened new domains in the applications of tensor 
analysis yet when it first appeared it received scant attention. And 
later, when it began to be recognized as possibly significant, it was 
much vilified, even as people began the sport—still indulged in—of 
presenting Kron’s procedures in barely disguised form, as by talking 
of matrices instead of tensors, while absent-mindedly failing to mention 
the source of their ideas. Various complaints were made about Kron’s 
work: that it was completely wrong; that it might perhaps at bottom 
be correct but used tensors improperly; that it used tensors not at all 
but was old stuff decked out in matrix clothing; and that even this 
decking out was not new. One observed a curious conflict of trends in 
the complaints: the work was wrong—the work was right but not new. 
Bither way, Kron could hardly gain the impression that he was being 
flattered, except perhaps by attention. 

J. Slepian once likened Kron’s work to fruit salad; and A. 
Duschek and A. Hochrainer, in the introduction to their book 
Grundziige der Tensorrechnung in Analytischer Darstellung, 
dismissed an American author — evidently Kron —with the fol- 
lowing words: 

» in besonderes krasser Fall ist aber der eines amerikanischen 
Autors, der die Tensorrechnung geradezu mit Gewalt auf die 
Theorie der elektrischen Maschinen und Netze anwenden will, 
sich bis zu den Begriffen , absolutes Differential” und ,Krum- 
mungstensor” versteigt und dartiber dicke Bucher and lange 
Serien von Abhandlungen veréffentlicht.” * 


* The precise flavor of the invective is hard to render into English. The 
following is an approximate translation: A particularly crass instance, 
however, is that of an American author, who wants to apply the tensor 
ealculus with downright violence to the theory of electric machines and 
networks, even goes so far as to use the concepts “absolute differential” 
and “curvature tensor,” and publishes thick books and long series of 
papers on it all. 
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Why should the work of Kron have excited such general ani- 
mosity? One reason is, doubtless, its bold originality, for the lot 
of the innovator is rarely smooth. Another may He in the very 
nature of Kron’s synthesis, bringing together, as it does, the 
previously disparate fields of electrical engineering and tensor 
analysis. In the early days few people were equipped to assay 
the work of Kron since, for the most part, those who knew elec- 
trical engineering did not know tensor analysis and those who 
knew tensor analysis did not know electrical engineering. The 
impression thus arose that the work was formidably difficult, 
and this may well have prejudiced people against it. Actually it 
is no more difficult than many things that electrical engineers 
have learned to take in their stride; and such difficulty as there 
may be is more than compensated by a superb unification. 

Originality and apparent difficulty may partly explain the re- 
sistance Kron’s work has encountered. But Kron himself is also 
to blame, for he is far from being a convincing expositor. His 
primitive concept of rigor, his appeal to “generalization postu- 
lates” in lieu of proofs, his attempts, fortunately absent from the 
present book, to impress by a sort of name dropping of impres- 
sive-sounding terms like Riemann-Christoffel Curvature Tensor 
and Unified Field Theory — these and other faults have alienated 
many people. 

Kron would be the first to concede his lack of rigor. He does 
not claim to be a pure mathematician. But we have no right to 
insist that an innovator present his ideas in impeccable form. 
We must take our innovators as they come, and we should be 
grateful to get their ideas in any intelligible form at all. Newton 
himself, by modern standards, was shockingly unrigorous in his 
presentation of the calculus; and unrigorous too by standards 
of his time, for his work was validly criticized by Bishop Berkeley. 

Let us concede that Kron writes thick books and long series 
of papers, that in some of his papers he is willfully obscure, 
that he seems to delight in being irritating, that he lacks all 
concept of mathematical rigor, and that he makes errors. Let us 
make all other valid complaints against him. There remains 
nevertheless an impressive corpus of work that stamps him as 
an innovator of major importance. 

P. Le Corbeiller wrote in the preface of his book Matrix Analy- 
sis of Electric Networks: 
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“yon is the author of a method of analysis of rotating elec- 
trical machinery, in which one and the same tensor equation 
applies to every conceivable type of machine. This, in my opinion, 
is the most significant advance in electrical engineering analysis 
since the introduction of impedances by Kennelly and Steinmetz 
and of the two-reaction method by A. Blondel.” 

And P. Langevin, who was the first to champion the seemingly 
grotesque ideas of de Broglie on the wave nature of matter, 
quickly recognized the importance of Kron’s work and saw to it 
that Kron was awarded the Montefiore prize. Indeed, Kron now 
has a significant international following, particularly in England, 
France, and Japan. 

Outside of geometry and the theory of relativity, the applica- 
tions of tensor analysis have often been, from the tensorial point 
of view, rather trifling. To write basic equations in tensorial 
form by means of covariant derivatives is hardly to exhaust the 
resources of the tensor calculus and while the use of the tensor 
law of transformation to express these equations in terms of 
spherical and cylindrical coordinates may at one time have 
seemed remarkable, it is a small matter compared with the uses 
to which Kron puts the tensor transformation law. 

For Kron uses tensors to unify great classes of physical sys- 
tems. With him a tensor transformation changes, for example, 
the equations of one electrical machine to those of another elec- 
trical machine of different type. He constructs prototype ma- 
chines — the primitive machines— from whose equations he 
obtains those of all other electrical machines by applying ap- 
propriate tensor transformations. This in itself is a masterly 
unification. But in addition Kron shows how different established 
theories of a given machine are convertible into one another by 
tensor transformation. 

To accomplish these things Kron goes beyond the types of 
transformations usually employed in technological applications 
of tensor analysis. His transformations are often singular, and 
in certain important cases non-holonomic. That such transforma- 
tions are essential ingredients of the unification is an indication 
of the non-trivial nature of Kron’s achievement. But for some 
reason their presence has called forth strong criticism. True, they 
are unexpected; that may make them suspect, but it does not 
make them wrong. 
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Do we wish to criticize Kron’s use of singular transforma- 
tions? Then, to be cunsistent, we should criticize also the use of 
such tensor transformations in the theory of Lagrangian dy- 
namics. Do we complain that Kron uses non-holonomic reference 
frames? Then, to be consistent, we should complain too about 
the Maxwell-Lorentz electrodynamics, for Lorentz was the man 
who first realized the non-holonomic character of the charges used 
therein as electrodynamical coordinates. 

There is irony in the fact that Lagrangian dynamics and Max- 
well-Lorentz electrodynamics had been accepted without demur 
by the very critics who objected to Kron’s using singular and 
non-holonomic transformations, for while Kron went well be- 
yond what had been done before with these transformations he 
did no violence to the ideas already present in embryonic form 
in dvnamics and electrodynamics. 

In more advanced work growing out of that presented in this 
book, Kron uses the curvature tensor, a fact noted with appar- 
ent distaste by Duschek and Hochrainer. Kron uses the curva- 
ture tensor in both holonomic and non-holonomic reference 
frames, something probably without precedent in the techno- 
logical applications of tensors. But he uses it because it comes 
in naturally. He does not drag it in arbitrarily merely to impress 
or annoy —-though once it is in he is not above using it for 
those purposes. 

When first I encountered Kron’s work, nearly a quarter of a 
century ago, I was extremely dubious of its validity, and even 
of its plausibility. Trained, as I was, in the tensorial tradition 
of geometry and relativity, I balked at the use of singular trans- 
formations the elements of whose matrices were mainly ones, 
minus ones, and zeros; the tensor nature of such work seemed 
highly suspect. I can sympathize with Duschek and Hochrainer 
in the attitude they expressed many years ago towards Kron’s 
work, for, because of the extraordinary originality of that work, 
its initial effect on those who knew tensors was indeed shocking. 
But I have long been convinced that the work that forms the 
topic of this book is both valid and important, that it makes 
proper, if novel, use of tensor concepts, that tensors are an in- 
tegral and essential part of it, and that it constitutes an epoch 
making extension of the realm of application of tensor analysis. 
In recent years Kron has considerably extended his method and 


INTRODUCTION TO DOVER EDITION xi 


advanced into new territories of appli¢ation. Each advance has 
excited new controversy reminiscent of the old, but I am less 
competent to discuss these matters, lacking sufficient expertness 
in the fields involved. 

The present book, ostensibly an introduction to tensor analysis, 
is really an introduction to Kron’s tensor theory of stationary 
electrical networks and rotating electrical machines. If you seek 
in it a rigorous presentation of the subject you will be disap- 
pointed. Approach it with a different attitude. Seek in it a 
working introduction to the remarkable methods that Kron 
discovered. Accept the assurances of myself and increasingly 
many others that the work can be demonstrated to be funda- 
mentally valid. Read the book, in fact, as you would read a work 
by Heaviside now that it is no longer fashionable to deride him— 
for Heaviside and Kron have much in common. Do this and you 
will find to your delight that the basic procedures are clearly 
set forth, the various aspects of the generalized machine are 
patiently portrayed, the illustrative examples are nicely worked 
out, the steps to be taken are carefully codified—in short, that, 
within its limitations, this book is almost a model of exposition. 
For no one presents the ideas of Kron more vividly than Kron 
himself. 


June, 1958 BANESH HOFFMANN 
Queens College 
Flushing, N. Y. 
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PREFACE 


This volume contains a series of lectures delivered to students in the 
Advanced Course in Engineering of the General Electric Company. 
The subject matter represents a short outline of the tensorial method 
of attack of certain electrical-engineering problems that has appeared 
in three more exhaustive publications* and in several shorter papers 
since 1932. Although no additional basic concepts are introduced that 
have not appeared in the other publications, still several old topics are 
presented from a new point of view and other new subjects are touched 
upon, such as mercury-arc rectifier circuits. Among the new groups 
of transformations introduced are those establishing equivalent cir- 
cuits for rotating machines (such as the capacitor motor) that can be 
set up on the a-c. network analyzer. 

The subject matter has been selected from the point of view of the 
power engineer and is divided into two parts. The first part deals with 
the invariant theory of general asymmetrical networks, without inquir- 
ing too closely what the individual “‘coil’’ and its impedance Z stand 
for. The network may be stationary or rotating; the performance may 
be transient or steady-state. The second part undertakes a more 
detailed analysis of one special type of asymmetrical network, namely, 
rotating machines. 

The purpose of this volume is to develop a new method of reasoning 
in analyzing engineering problems and not to study in detail any par- 
ticular structure. There are no speed-torque curves or descriptions of 
performances of systems. The volume is restricted to the presentation 
of a unified method of analysis. Although the method of reasoning is 


* Kron, ‘Tensor Analysis of Networks,” John Wiley & Sons, January, 1939. 

Kron, ‘The Application of Tensors to the Analysis of Rotating Electrical Ma- 
chinery,”’ Parts I-XVI, General Electric Review, May, 1938. 

Kron, “The Application of Tensors to the Analysis of Rotating Electrical Ma- 
chinery.”” A series of articles that appeared in the General Electric Review beginning 
April, 1935, of which Parts XVII and XVIII (May and October, 1938) are not 
included in the bound volume. 

These three publications will be referred to throughout the text as T.A.N., 
A.T.E.M., and G.E.R., respectively. 
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new, the results arrived at are in a form used by engineers with whom 
the author is in contact. 


At first reading the following chapters may be considered: 1—4, 
6, 12, 13, 15-18, 21-23, 28, 30, 32. 


GABRIEL KRON 
SCHENECTADY, N. Y. 
February 9, 1942 


INTRODUCTION 


One of the purposes of this and the other books of the author is to 
establish, manipulate, and solve the equations of performance of com- 
plex engineering systems in an organized manner instead of haphazardly 
and to utilize this organization to obtain new information about the 
systems. In the following, only the setting up of equations will be 
studied in detail, and of the many manipulations only one process— 
the elimination of variables—will be introduced. Since practically all 
the differential equations introduced can be solved, if at all, by well- 
known methods, the systematic solution of systems of differential 
equations is not undertaken in these pages. In textbooks on matrices 
the reader will find a wealth of material on the systematic solution of 
sets of differential equations. 

The organization is undertaken with the aid of a mathematical tool 
known as tensor analysis, which has been found to be the natural tool. 
for investigating phenomena taking place in the actual physical world 
or in the abstract spaces invented by human imagination. However, 
the manner of application of these modern concepts for the problems 
of the engineer differs radically from the point of view adopted by the 
physicist (or the geometer). This radical departure is necessitated by 
the different goal aimed at by the two groups of specialists. 

Tensor analysis has hitherto been used exclusively to establish the 
invariant laws of nature in the form of tensor equations that are inde- 
pendent of the reference frame employed. Very little attention has 
been paid, however, to expanding these symbolic equations to particu- 
lar cases. In these volumes, on the contrary, the establishment of 
symbolic equations is only a stepping-stone toward the final goal of 
constructing a smooth-running mechanism that automatically unfolds 
the relatively few symbolic equations to apply to the infinite variety of 
specific problems with which an industrial civilization confronts the 
engineer. 

This mechanism is nothing more than a method of reasoning, a 
philosophy, that serves as a pathfinder while the engineer cuts his way 
across the labyrinth of interrelated phenomena. A short outline of the 
proposed method of attack on engineering problems (whether they are 
electrical or mechanical phenomena) is given here. 
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Let the transient and steady-state performance of an engineering 
structure, say a turbine-governing system or an electric speed drive, 
be determined. The steps are as follows: 


1. Do not analyze the given system immediately, since it is com- 
plicated. Instead, first set up the equations of another related sys- 
tem which is much simpler to analyze (or whose equations have 
already been established on a previous occasion). 

2. Then change the equations of the simpler system to those of 
the complex system by a routine procedure. 


Tensor analysis supplies the routine rules by which the equations 
of the simpler (or known) system are changed to those of the given 
system. 

The question immediately arises: How are the simpler systems estab- 
lished? Two procedures are available, to be used independently or 
simultaneously. 

1. Break up the complex system into several component systems by 
removing certain strategically located interconnections so that each compo- 
nent should be easy to analyze. This break-up may be accomplished in 
several successive steps. 

For a turbine-governing system, say, the system is divided into the 
governor, the linkage, the pilot valve, and the turbine, and the per- 
formance of each is studied as if the others were not present. For an 
electric speed drive, the system is divided into the synchronous motor, 
the induction motor, and the stationary network. 

Now, if the equations of each of these component systems have not 
been established before, then each component is again subdivided into 
still smaller components whose equations are easy to establish. 

The collection of component systems, which forms the last step in 
the necessary subdivision, will be called the ‘‘primitive system.” 

Once the equation of a component part (say, the governor) has been 
established, there is no more necessity to establish its equation all over 
again when it is used as a component part of a different engineering 
system. That is, the results of all investigations in the language of 
tensors may be stored away for future use in different types of prob- 
lems just as standardized machine parts are stored away to be reassem- 
bled in a variety of structures. 

2. In addition to breaking up the complex system into several com- 
ponent systems, assume new, simpler types of reference frames either in 
the original or in the broken-up systems. 

For instance, instead of curvilinear axes, assume rectilinear axes if 
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possible; or, instead of brushes at an angle, assume brushes along the 
main poles; etc. The new axes may be actually existing or hypotheti- 
cal axes (like symmetrical components or normal coordinates, for 
example). 

The routine procedure of going from the equations of the “primitive 
system’’ to the equations of the actual system is usually referred to as 
“transformation theory” or ‘“‘transformation of reference frames.” 
This process is the backbone of tensor analysis. 

It is surprising how few ultimate types of elements there are that 
form the building blocks of the great variety of engineering structures. 
Most stationary networks consist of a collection of one-dimensional 
“coils” only; all rotating machines consist only of a collection of two- 
dimensional ‘‘windings.’’ The great variety of structures differ only 
by the manner of interconnections of these ultimate coils and wind- 
ings, and the variety of theories differ only by the type of hypothetical 
reference frame assumed. 

It is only the study of the ultimate building blocks that requires 
analytical work. The interconnection of these units into the given 
system is a routine procedure. 

Of course, many ideas of tensor analysis have been and are utilized 
by engineers in their daily work without using the word ‘“‘tensor.” 
The present study undertakes a systematization and extension of 
those loose or half-baked ideas and “hunches.” 

Although the method of reasoning will be employed here only for 
stationary and rotating electrical networks, exactly the same reasoning 
applies also to mechanical and other physical systems. That is, all 
reasonings and all symbolic formulas to be studied are independent 
of electrical engineering. The electrical applications are only illus- 
trations. 

It should be mentioned that only the second step of changing the 
reference frame on a given system has been used by geometers in 
differential geometry by employing the apparatus of tensor analysis. 
However, the first step of tearing a structure into several component 
parts, or rather transforming the equations of different structures into 
each other, has not been employed as yet in geometry. It is this very 
process of building up the equations of complex physical structures 
from those of their component parts that serves as the key to the 
tensorial analysis of engineering structures. Without this process 
every individual machine and system presents an isolated problem to 
be analyzed anew from the very fundamentals. 

Only during the last few years has a similar study been undertaken 
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by geometers in topology, using reasonings, concepts, and the appara- 
tus of tensor analysis analogous to those employed by electrical 
engineers.* It is rather interesting that Kirchhoff laid the foundation 
of topology by his study of electrical networks. It is not a coincidence 
but a consequence of some hitherto hidden relation between the prop- 
erties of space and those of electricity that the science of electrical 
engineering and that of topology meet again on a common ground 
when both are viewed from an invariant point of view. 

As first steps to the type of organization undertaken by the method 
of tensors, the use of matrices and three-dimensional vectors, both 
familiar concepts to engineers, may be considered. Matrices have 
been extensively employed by mathematicians in function-theoretical 
investigations, for instance in determining the characteristics of the 
roots of differential equations. Frazier, Duncan, and Collar t have 
used matrices in investigating the differential equations that arise in 
mechanical vibration problems. Feldtkeller,f also Strecker, Cauer, 
and their followers, have used matrices in synthesis problems of four- 
terminal communication networks. 

The vectors of conventional vector analysis (also the dyadics, 
triadics, and, in general, the ‘‘polyadics’’) form a type of organization 
different from matrices, though matrices of various dimensions always 
arise whenever vectors are represented along some particular reference 
frame. Whereas matrices owe their existence to arbitrary mathemati- 
cal definitions, vectors have an independent physical existence of their 
own, and their mathematical definitions try only to embody the physi- 
cal characteristics of vectors endowed by nature. That is, the concepts 
of conventional vector analysis are matrices come to life. 

Now tensors may be looked upon as vectors (or rather polyadics) come 
of age. While vectors can represent only three variables simultane- 
ously, tensors may be used in problems with any number of variables. 
The use of conventional vectors is restricted to special types of refer- 
ence frames drawn in special types of spaces. No such limitations are 
imposed upon tensors. 

That is, ‘‘tensor” is just another name for “physical entity.” Tensor 
analysis is the study of physical phenomena in terms of the physical 
entities themselves. It also supplies a routine mechanism to express 
the behavior of these entities in a mathematical form along any 
desired reference frame. 


* Tucker, ‘Discussion on Tensor Analysis,” Electrical Engineering, 1937, p. 619. 
} “Elementary Matrices,” Oxford University Press, 1938. 
t “Fernmeldtechnik,” Springer, Berlin, 1938, 
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Since engineers deal with more complicated and interrelated physical 
phenomena than physicists or geometers, tensor analysis is an engineer- 
ing tool par excellence, and it might have been invented and devel- 
oped by engineers had not engineering often been restricted in past 
decades to a cut-and-try art. As analytical methods come into more 
prominence and the complexity of engineering problems increases. the 
need of putting to practical use the organizing ability of tensorial 
methods will become more pressing. 

Examples of such pressing necds are the equivalent circuits of single 
and interconnected rotating machines. The computations of the 
performance of modern interconnected systems are so long and time- 
consuming that the aid of calculating machines, such as the a-c. net- 
work analyzer, must be resorted to. The establishment of equivalent 
circuits requires just the type of organized steps and physical pictures 
that the tensorial method of attack, presented in this book, supplies 
automatically. 

Other examples are the stability and hunting studies of engineering 
structures that are today in the foreground of attention because of the 
increased use of automatic control devices. It is well known that the 
conventional application of the Lagrangean equations to the study of 
small oscillations—as given in textbooks on dynamics or on electrical 
machinery—do not lead to tensor (invariant) equations. As a conse- 
quence the resulting equations do not give a complete physical picture 
(except in special cases) of what actually takes place in the system dur- 
ing small oscillations, even though the equations do give correct numer- 
ical answers. This lack of completeness shows up in any attempt to 
visualize the phenomena of hunting or in attempts to construct physical 
models. * 

To establish the invariant form of hunting equations and thereby to 
express the phenomena of small oscillations in terms of measurable and 
visualizable physical quantities, it is necessary toemploy such advanced 
concepts of tensor analysis as the Riemann-Christoffel curvature ten- 
sor (discovered first by Riemann about a century ago). 

It is the avowed purpose of these volumes to introduce into the 
study of engineering structures only such concepts as physicists have 
developed for the study of the simplest unit of the structure. Every 
effort has been made at the same time to introduce only the absolute 
minimum of concepts into engineering and only those that form the 
very foundation of theoretical physics. The formulas and methods 


*Kron, “Equivalent Circuits for the Hunting of Electrical Machinery,” Trans. 
A.LE.E., 1942. 
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of attack proposed are based upon the conviction that the science of 
engineering differs from the science of physics only in: 


1. Using a larger number of variables. 
2. Employing greater variety of reference frames. 
3. Constructing more complex spaces. 


But the basic symbols used in both sciences are identical; they musi be 
adentical by virtue of the very identity of the physical phenomena 
dealt with. 
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PART I 
GENERAL ASYMMETRICAL NETWORKS 


CHAPTER 1 


THE ALGEBRA OF N-WAY MATRICES* 


N-WAY MATRICES 


The presentation of tensor analysis is facilitated by an acquaintance 
with the algebra of matrices. 

A set of quantities may be arranged in various dimensions and 
denoted by a single symbol. Such a set is a row 


i= |= 1 — matrix 


a rectangle, 


= 2 — matrix 


or a cube, Fig. 1.1. 
In general such multi-dimensional sets are called ‘‘n-way matrices” 
or ‘‘n-matrices’’ or briefly ‘‘matrices.”’ (A ‘‘2-matrix’’ is often called a 


Fic. 1.1. A cubic set. 


“matrix” when no misunderstanding may arise. A 1i-matrix is also 
called a “linear matrix” or “column matrix.’’) Each number is called 
an “‘element.”’ 

A single quantity like 5 or x? may be called a ‘‘0-matrix” (zero- 
dimensional matrix). 


* T.A.N., Chapters I and II. 
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The number of rows and columns and layers may vary from one to 
infinity, depending on the problem. The theory of nm-matrices with 
infinite number of rows will not be considered here. 

In print, matrices are denoted by bold-face letters as above or by 
brackets as A = [A]. In writing, matrices are usually represented bya 
bar over the letter. 


EXAMPLES OF N-WAY MATRICES 


Let a stationary network with four meshes be given. Then (Fig. 1.2): 


Fic. 1.2. A four- 
mesh network. 


1. The four mesh currents may be arranged in a 1-matrix and de- 
noted by one symbol as 


2. Similarly the impressed voltages around the meshes form a 1- 
matrix 


Each of the components may be d-c or a-c or instantaneous or a 
Heaviside unit function, etc. 

3. The self and mutual impedances of the meshes may be arranged 
as a 2-matrix 


where 


24, = Ry + Lip + 1/pCy, + Le 


or 


Zu4 


41, = Ry + 5X + Xv 


Fach component may be a real or complex number or may contain the 
differential operator p = d/dt. 
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4, The instantaneous power input, or stored magnetic energy, or 
electrostatic energy in the whole system, is a single number (or single 
function of time) and each is a 0-matrix. 


ADDITION OF N-MATRICES 


N-matrices may be manipulated as ordinary quantities with certain 
precautions. Only 0-, 1-, and 2-matrices, and their addition, multi- 
plication, and division, will be considered here. 

Only n-matrices of the same dimensions and the same number of 
rows may be added. They are added by adding corresponding compo- 
nents. 


Lt 


Multiplication of N-Matrices 


1. 0-Mairix and n-Matrix a B. Any n-matrix is multiplied by a single 
number (0-matrix) by multiplying each element by the given number. 


1.2 


2. Two 1-Mairices i-e. Multiply corresponding elements and add 
them. The product is a single number, a 0-matrix. The product is 
usually denoted by a dot. 


> | ive = (1)) + (3)(-2) + OM) 
, 1.3 
E =0-6+5=-1 


3. 2-Mairix and a 1-Mairix A-i. Draw a horizontal and a vertical 
arrow as shown, and multiply each row of the 2-matrix by the 1-matrix, 
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giving a single number. These single numbers are arranged in a 1- 
matrix in their proper order. 


3-141:24+4-3] | 17 | 
2/2755 263) =] 1.4 
1-149-245-3) | 20 | 


4, 1-Matrix and a 2-Matrixi-A. Again draw first a horizontal, then 
a vertical arrow, and multiply as above. The result again is a 1-matrix. 


5. Two 2-Mairices A-B. Again draw first a horizontal, then a verti- 
cal arrow, and multiply each rowof the first byeach column of the second 
2-matrix (as the arrow indicates). Each product is placed in the corre- 
sponding place of the resultant matrix as shown. 


DIVISION WITH N-MATRICES 


An n-matrix can be divided only by a single number (0-matrix) and a 
square 2-matrix. 

1. An #-matrix is divided by a single number by dividing each of its 
elements by the number. 


13/2} 2 | 5/2 
1/2 | —4 | 1.7 


1 | 5/2] 


2. Division by a 2-matrix Z is represented by a multiplication with 
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its inverse Z~*. Finding the inverse of Z is analogous to solving a set 
of simultaneous equations by Cramer’s rule. 

In order to find the znverse of a matrix Z, one first has to know how to 
find the (a) “determinant”’ of a matrix, (0) ‘‘minor” of an element of a 


matrix. 
(a) The determinant of | is AD — CB = a number 


1.8 


is AEK + BFG + DHC 
— GEC — DBK — AHF 


= a number 1.9 


The determinant of 


(0) The minor of an element is found by cancelling the row and 
column of the matrix passing through the element and calculating the 
determinant of the remaining matrix. For instance, the minor of B in 
the last matrix is DK — GF. 


Inverse Calculation of Z 


The inverse of Z is found in four steps: 


1. Interchange rows and columns (i.e., find Z,). 

2. Replace each element by its minor. 

3. Divide each element by the determinant of Z. 

4. Multiply the elements alternately by plus or minus 1 according 
to the scheme of Fig. 1.3. 


Fic. 1.3. 


As an example let the inverse of 
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be calculated 
1. The transpose of Z is 


2. The minor of each element is 


EK-FH | BK-HC | BF-EC 
| DK-GF | AK-GC | AF-DC 
| DH-GE | AH-GB | AE-DB 


3. Divide each element by 
Det = AEK + BFG + DHC — GEC — DBK — AHF 


4. Multiply each element alternately by plus or minus 1 


| (EK-FH)/Det | (HC-BK)/Det | (BF-EC)/Det 
(GF-DK)/Det | (AK-GC)/Det | (DC-AF)/Det 1.10 


| (DH-GE)/Det | (GB-AH)/Det | (AE-DB)/Det 


The fraction 1/Det may be written outside the matrix as a factor. 


IMPORTANT 2-MATRICES 


1. When the rows and columns of a matrix A are interchanged, the 
resultant matrix is called the “‘transposed’’ matrix and is denoted as 
A;. For example, 


The transpose of a transposed matrix is the original 


(A); = A 1.12 
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2. The ‘“‘unit matrix’’ has unity in its main diagonal and zero else- 
where. 


i= 1.13 

Any matrix multiplied by 1 is unchanged. 
1lA=A-l1=A 1.14 

The unit matrix is used in factoring. 
A+ A-B = A-(1 +B) 1.15 
3. The ‘‘zero matrix”’ has zero for all its components. 

1.16 

Any matrix multiplied by 0 becomes zero. 
0-A=0 1.17 


4, A “diagonal matrix’? has components only along the main 
diagonal. 


1.18 


5. A “symmetrical matrix’’ is symmetrical with respect to the main 
diagonal line. 


1.19 
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For a symmetrical 2-matrix A 
A = A; 1.20 


6. A “skew-symmetric” matrix has components with opposite signs 
on the two sides of the main diagonal. 


1.21 


7. Any matrix A may be divided into the sum of a symmetrical 
matrix B and a skew-symmetric matrix C. Thatis, A = B + C, where 


ATA _A-A 
ae, 


B and C= 1.22 


2 
FORMS 


(a) The product of two i-matrices e and i as e-i (a 0-matrix) is 
called a “‘linear form.”’ Ifirepresents the mesh currents of a network 
and e the impressed voltages, then e-i = P is the “power input,”’ a 
linear form. 

The double product of a 1-matrix i and a 2-matrix L as i-Lei (a 
0-matrix) is called a ‘quadratic form.’’ If i represent the mesh cur- 
rents and L the self and mutual inductances of a network, then (4) 
i-L-i represents the instantaneous stored magnetic energy in the 
system. 

(b) One property of quadratic forms should be mentioned 


iii i (E+*) 1.23 


That is, the 2-matrix of a quadratic form ts always symmetrical (or rather 
the skew-symmetric part of L, namely (L — L,)/2, multiplied by i 
twice always gives zero). 


PROPERTIES OF THE INVERSE MATRIX Z7-! 


1. Only a square matrix has an inverse. 

2. Z' is also a square matrix. 

3. If Z isa symmetrical matrix, Z~ is also symmetrical. 
4. If Z is a diagonal matrix, then Z~ is also diagonal. 
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5. The product 
Z-Z+t=I1 and Z'-Z=!1 1.25 


Hence whether the inverse of a matrix has been correctly calculated 
can be easily checked by multiplying the inverse by the original in any 
order. The product must be the unit matrix. 

6. If the determinant of a square matrix is zero, then its inverse Z~? 
does not exist. 2-Aatrices whose inverses do not exist (being rectangular 
or having zero determinant) are called ‘‘singular’’ matrices. 


ORDER OF MATRICES 


1. In general, the order of m-matrices cannot be disturbed. For 
instance 
A-B +B-A or (A-i)-B ~ A-B-i 1.26 
Exceptions are: 
(a) If e andi are 1-matrices, then 


e-i = i-e 1.27 
(b) If Ais a 2-matrix and iis a 1-matrix, then 
A-i —= i- A; 1.28 


2. When three 2-matrices are to be multiplied together, as A-B-C, 
then the multiplication may be performed in any succession as: 

(a) First A+B, then (A-B)-C. 

(b) First B-C, then A-(B-C). 
But the order cannot be interchanged. That is, under (6), B-C should 
not be multiplied by A in the wrong order (B-C)-A. 

3. If A, B, and C are 2-matrices, then 


(A-B-C), — C,-B;-A; 
1.29 
(A-B-C)“! = C-+.B71.A7} 


Note that the order is reversed. 
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MANIPULATION OF MATRIC EQUATIONS 


An equation in which each symbol is an n-matrix is called a ‘“‘matric 
equation.” Each term in a matric equation has the same dimensions. 
For instance, 

1. Each term is a 0-matrix (a “‘form’’): 

(a) Equation of power, P = e-i. 
(b) Equation of energy, T = $i-Lei. 


2. Each term is a 1-matrix. 


(a) Equation of voltage,e = R-i + L-pi + (S/d) ei. 
(6) Equation of current,i = Y-e. 


3. Each term is a 2-matrix. 


(2) Short-circuit impedance, Z; = Z, — Z-Zz!+Zz. 
(b) Law of transformation, Z’ = C;-Z-C. 


In a matric equation, only a 2-matrix (or products of n-matrices forming 
a 2-matrix) can be transferred to the other side of the equation by multi- 
plying both sides by the inverse matrix. For example, let 


e = Zi°hy — Zari 1.30 


To solve for ig, multiply each term by Zz‘. (It is assumed that the 
inverse of Zo exists.) 


Zz he = Zo this + Za Zeeks 


a Ze "<2, =I and Tio = io 
aaa Zz*-e = Zz" -Zy-i, + ip 
or 


ig = Zo‘ -le = Z1°i;| 1.31 


Otherwise matric equations are manipulated in exactly the same manner 
as ordinary equations. Only the order of symbols should not be dis- 
turbed. 


tf EXERCISES 


-EPED 


EXERCISES 13 


B = Ce 
Find: 
l. e + i. 5. Ay 
2. eri. 6. A-B: 
3. e- A. iC, 
4. e-A-i. 8. C7!.C, 


9, Given two matric equations with two unknowns i; and ig 
€; = Zyi1 + Zoric 


€g = Z3ri; + Z4-ig 
Solve them for i. 
10. Given three matric equations with three unknowns ij, ig, and iz. 


Qe, = Zrii, + Zorig + Zgrig 
@ = Zari + Z5-ig + Ze-ig 
@3 = Zy-iy + Zgrig + Zo-ig 


Eliminate i3 from the third equation so as to leave only two equations with the two 
unknowns i; and ig. 


CHAPTER 2 
COMPOUND n-MATRICES* 


PARTITION OF MATRICES 


(2) Any n-matrix can be subdivided into several smaller parts, each 
part forming a similar m-matrix. 


i 


lo | 


| 
| 


Matrices in which each element itself is a matrix are called ‘‘com- 
pound matrices.’”’ They are added, multiplied, etc., as ordinary ma- 
trices with certain precautions. 

(b) In taking the transpose of a compound 2-matrix, the transpose of 
each element is also taken. 


2.2 


(c) When two n-matrices with a large number of rows and columns 
are to be multiplied, they are first divided into compound matrices and 
only the latter are multiplied together. Afterward the component ma- 
trices are multiplied as indicated. E.g., in the above example 


| Zieis + Zaria 33 


| Ze-is + Zaris | 


* T.A.N., Chapters IX and X. 
14 
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where 


e; = Zi+ii + Zo-ig =| 


Qo = Z3+i1 + Zarie = | 


Ziz=e= 26 | ee | 68 | 10 | 16 


ELIMINATION OF PERMANENTLY SHORT-CIRCUITED MESHES* 


Hence 


(a) In engineering work rarely are as many equations written down 
as there are variables in the problem. For instance, in electrical net- 
work or machinery problems, the equations of permanently short- 
circuited meshes are left out and only the active mesh equations are 
handled. The question now arises how to eliminate superfluous varia- 
bles from a set of linear equations. (Or, speaking physically, how to 
eliminate certain meshes. These meshes may or may not contain im- 
pressed voltages.) 

Mathematically, the problem may also be formulated: How may a 
large number of variables be eliminated at one step from a set of linear 
equations instead of one variable being eliminated at a time? 

(6) Let the z linear equation, say e = Z-i, be divided into fwo sets of 
equations in any arbitrary manner. 


e = e; + €2 
Padus, 2.4 
Z=Z1+Ze+2Z3+ LZ 


* A.T.E.M., p. 76. 
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where €5 indicates the impressed voltages and ip the currents in the 


meshes to be eliminated. 
As shown in the previous example, the single equation e = Z-i may 


then be replaced by two equations 
e; = Z,+i; + Zerle 2.5 
€g = Zgriy + Lacie 2.6 


(c) Let ip be eliminated from the second equation. That is, let a set 
of variables be eliminated. The procedure is exactly the same as if two 
scalar equations were solved for the two unknowns. 


Zatig = €2 — Z3°1y 


ip = Zz) +(€2— Zi) 2.7 
Substituting ig into the first equation 

@) = Zy-iy + Ze*Zz"+ (2 — Z3°i) 

@; = Zyeiy + Zo*Zq) eg — Ze°Zg -Zarit 


@; = Zo-Zz'+e + (Z1 — Ze*Zz Zs) iy 
Therefore 
ei Zo*Zi | +€e = (Z1 = ZoZz°Z3)°hy 2.8 


This is an equation of the form e’ = Z’-i, but it contains less rows 
than the original set. The new Z’ of the reduced network is 


2.9 


(this may be called the “‘short-circuit’”” matrix) and its new impressed 


voltage is 
: : 


i; = Z’—!-e’ 2.11 


(d) Solving for i, 


That is, the set of currents i, is calculated by finding first the inverse 
of only one matrix Z, having less rows and columns than the original 
matrix, then after several multiplications the inverse of another matrix 
is found having as many rows and columns as Z}. 


SOLVING A SET OF LINEAR EQUATIONS IN TWO STEPS 17 


If iy is already known, the value of the eliminated currents is is found 


from equation 2.7: 
ig = Zy"+(€2 — Zeit) 212 


(e) In many cases @2g = 0 (that is, the eliminated meshes contain no 
impressed voltages). Then equations 2.11 and 2.12 are simplified to 


i; = Z’—1-e, 2.13 


ip = —Zyz'+Z3+h; 2.14 


(f) If the new set of equations e’ = Z’-+i, contains several variables, 
it can again be subdivided into two sets of equations and the above 
process repeated. 


The calculation of inverse matrices is entirely avoided if one variable 
at a time is eliminated. This step is equivalent to the usual star-mesh 
transformation that eleminates the meshes one at a time.* 


SOLVING A SET OF LINEAR EQUATIONS IN TWO STEPS 


(a) Given five equations with five unknowns. 
10 = t+ 2% — 3%, + 4éa + Sey 


9 2ta + 4tp + 3p + Sta =f 


8 = 3ig + diy + Sip + ig + 3%, 2.15 
Pe Gy Si By, 


6 = Sig + ty — 34, + 34g + 2 


If the five equations are written ase = Z-i, then 
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The problem is to solve for the five unknowns 1. Three of the un- 
knowns ,, ig, and iy can be eliminated in one step by separating the 
first two from the last three components so that 


Er) ~fEE 


2.17 


2.18 


(b) If the last three rows and columns are eliminated, the remaining 
matrix (having two rows and columns) is 


0.005 | —0 0274 | —0.104 
0 0384 | —0.104 0.203 || 2.20 
0 121 0.121 0.0384 


—0.415 | 0 272 1 316 
0.416 | —0 723 | 0 665 


ls6 10.2 
| 3.847 | 0.885 


(ZZa')-Z3 = 
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as: 18 


Z! = Zy — Zo-Zg'+Z3 = | 2.21 


| —1 847 | 3.115 


(c) The new applied voltages are 


a 


Since Z.°Zi ' was already calculated 


Zo+Za eo =| —6 48 | 2 29 2.23 


if 


a 


e? =e; — Za-Zz'eg =| 16.48 | 6 71 2.24 


(d) Hence, the remaining two equations with two unknowns are 


oe 
where 
| —4.6 1.8 
e’ =| 16.48 | 6.71 | Z? = |-———_|-——-_| i =] i, 
—1 847 3 115 


which can be solved for i, as i, = Z’~*-e’. 
The eliminated currents are found by ig = Zr*(e — Zg-ij). 


mH 4 2.26 


EXERCISES 


2.27 


2.28 
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2. Find A;-A and A-A; with the aid of compound matrices if 


b —b} 1 a 
Sea aes aaa ee 
oe ee ee Weg ee ee Th ag 
Per le ye a alg | 

‘ Pte oe de ae Wr ee chad. [ea leah 
i as ae ae a SG 
=e a) ae ee a a 
a ee 
= <x a On Ge 7 a ee a 
ee ao ee a aa 


2.30 


4. Given five equations with five unknowns, eliminate 7°, 72, and i in one step. 


2= 317 + 47> — 27° + 612 — Gf 


= 2i° + 7:2 
—3= 7— 4 ¢ + a 2.31 
v= - + #% + 3:4 


CHAPTER 3 
TRANSFORMATION THEORY * 


The Primitive Network 


(2) Let the network of Fig. 3.1 be given having four coils and three 
meshes. (In going around a mesh, if two coils are connected 1-2, 1-2, 
then their fluxes are in the same direction; 
when connected as 1~2, 2~1, their fluxes oppose 
each other.) 

The impedance of each coil may be ex- oad 
pressed as R+jX or as R+ Lp+ 1/pCor 
in other forms. The coils may be parts of a 
rotating machine or of a vacuum tube, etc. Fic. 3.1. Given network. 
Here they are all called ‘‘coils.” 

The problem is to establish their equations of performance e = Z-i 
consisting of three linear equations. 

(b) The method of tensor analysis states: 


1. Don’t try to set up immediately the three matrices e, Z, and i 
of this network. 

2. First set up e, Z, and i of another network whose analysis is 
much simpler. 


This other network is found by removing all interconnections be- 
tween the coils and short-circuiting 
each, as shown in Fig. 3.2. This is 

200, 2bb, Zee, dd, eit called the ‘‘primitive a aeeeT 

oa ce Bl a a An impressed voltage eg in a branch 
with zero impedance is also assumed 

Qo eh ec to have an impedance Zga whose value, 

Fig: 39). “The piamitive- Hetwork however, is zero. Similarly, a coil with 

of Fig. 3.1. impedance Zp, is also assumed to have 

ail impressed voltage é, in series with it, 

whose value, however, is zero. (The arrows show which coils have 

mutual impedances and in which direction. It should be noted that 
Zoy and Z,. are zero.) 


*T.A.N., Chapter IV; A.T.E.M., Part Il: G.E.R.. Mav. 1935 
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(c) For the primitive network e, Z, and i are established by simple 
inspection, as 


All zeros are left out. 

In order not to cause confusion, each row and column has an index 
alongside referring to a particular coil. This index may also be con- 
sidered a unit vector. 

The equation of performance of the primitive network is e = Z+i, 
representing as many linear equations as there are coils. If needed, the 
equations may be solved for the currents asi = Z7!-e. 


The Transformation Matrix 


The next problem is to establish some relation between the given 
network and the primitive network. 
1. Assume as many currents in the given networks as there are 


Fic. 3.3. New variables. Fic. 3.4. New currents in each coil. 


meshes, Fig. 3.3. These currents may be assumed anywhere as long as 
they are independent of each other. 

2. Express the currents flowing in every coil in terms of these new 
currents with the aid of Kirchhoff’s laws (Fig. 3.4). 

3. If the primitive network, Fig. 3.2, is compared with this last net- 
work, Fig. 3.4, each coil now has two different expressions for the cur- 
rents flowing in it. 


EQUATIONS OF THE GIVEN NETWORK 23 


Equate the old expressions with the new expressions for each coil sepa- 
rately by inspecting the two diagrams. 


ie Gos Gee ee 
Zy P= P-T+Ma KP LHF 
Lee te =— 7 = ae, HA 3.9 
Za t= # ey. 
Zy = VF “a 1.7 


(For each coil the current is written from 1 to 2.) 

4. This set of linear equations may be written (analogously to 
e = Z-i) asi = Ci’, where the components of C are found by taking 
the coefficients of the new currents 


3.3 


This C is called the ‘‘connection matrix”’ since it shows how the coils 
are connected together. Or C represents the relations between the 
currents (the old variables) of the primitive network and the currents 
(the new variables) of the given network. 


Equations of the Given Network 


The equation of the new network e’ = Z’+i’ contains exactly the 
same #-matrices in exactly the same order as the equation of the primi- 
tive network e = Z-i except that they now have different components. 

C being known, it is possible to find Z’ and e’ of the given network 
from Z and e (i’ is known already) by the following formulas (proof to 
follow) 

Z' = C;-Z-C 3.4 


e’ = C:-e 3.5 
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Performing the multiplications, the impedance matrix is 


—Zbp 
Zaa + Zbb + Lee + Zac —Zbp — Zaa 


Zp — Zep — Loa — Zac | Zep + Zaa + Zo — Zyo 


Hence the equations of performance of the network, Fig. 1, are by 
e’ = Zi’ 

eg = Zypi? + Zoot? + (—Zpp)2” 
—é@, = Lyi? + (Zea + Zep + Lee + Zac)i4 + (—2 — Zaa)t 3.9 


0 = (fy — 2x1? + (Zyp — Zep — Zaa — Zac)i® + (Zep + Zaa + Zen — Zpo)i* 


Solutions for Currents and Differences of Potential 


Once the equations e’ = Z’-i’ have been established, they may be 
subjected to all types of manipulations, usually involving compound 
matrices. For instance, some of the currents (or their corresponding 
meshes) may be permanently eliminated by Z’ = Z, — Zo°Zi°Z3; 
or the conditions that the various impedances must satisfy in order that 
some of the currents should remain constant irrespective of how the 
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loads vary may be investigated. The examples might be continued 
indefinitely. 
The equations can be solved for the currents as 


i’! = Z’~*-e’ = Y'-e’ 3.10 


by finding the inverse of Z’ and multiplying it by e’. 
Once the currents i’ have been found, then: 
1. The differences of potential e, existing across each coil are found 


by 
e, = Z-C.i! 3.11 


where Z-C already has been calculated in finding Z’ by C;-Z-C. 
2. The currents i, flowing in each coil are found by 


i, = C-i’ 3,12 


PERMANENCE OF THE METHOD OF REASONING 


Of course, in simple problems the ordinary method of analysis is 
faster than the method shown. The value of the method comes into 
increasing prominence when: 


1. The network becomes more complex. 

2. The number of mutual impedances increases. 

3. The mutual impedances are asymmetrical. 

4. In place of the usual self and mutual impedances, artificial types 
of constants are used, such as ‘“‘bucking’’ impedances or “‘positive-, 
negative-, and zero-sequence’”’ impedances. 

5. In place of the actual currents hypothetical currents are used 
such as ‘‘symmetrical components” and “load currents.”’ 

6. The equation of performance is more complicated thane = Z-i. 

7. The reference axes are not stationary but move or rotate. 

8. The system is not a stationary network but a rotating machine. 

9. In place of circuit problems, field problems are analyzed. 

10. The system is not an electrical but a mechanical, optical, elas- 
tic, or some other system. 


In all such cases the steps shown remain unchanged, and they still give 
the correct answer automatically, as will be shown subsequently. With 
ordinary methods of analysis, for each different type of problem a new 
““trick”’ has to be invented, each of the tricks requiring sometimes years 
to learn (and days to forget). 

That is, the method of tensors in general does not save time in getting 
a numerical answer to a particular problem if the problem is attacked 
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by a specialist. It does save time, however, by avoiding the necessity 
of inventing a new trick for each new type of problem. 

Of course, as the complexity of the system increases, the above steps 
have to be correspondingly enlarged. But the given steps still remain the 
nucleus of the method of attack. 


EXERCISES 


1, Find C and Z’ of the networks of Fig. 3.5. 
2. Given the bridge network of Fig. 3.6 with mutuals between Zaa-Zp, and Zgqg-Z ff. 
Find the currents and differences of potential in each coil. 


Fic. 3.5. Fic. 3.6. 


3. Let Z of the primitive network of the rotating machine of Fig. 3.7 be 


a b c 
ta + Lap Mipe Mop + M3pé 
— Msp0 % + Lop Map + Mspe 
Mip te + Lep 


Fic. 3.7, Fic. 3.8. 


4, Find C and Z’ of the cube of impedances forming Fig. 3.8. What is the imped-~ 
ance between points A and B if each side of the cube is formed by a 1-ohm resistance? 


CHAPTER 4 


DIFFERENT TYPES OF TRANSFORMATIONS * 


Change of Variables 


The interconnection of coils is only one of an infinite variety of prob- 
lems which require the establishment of C, that is, which can be treated 


as a problem in ‘“‘transformation of the variables 
i.” Another such problem occurs where the inter- 
connection of coils remains undisturbed but a new 
set of currents is introduced. (Other examples 
will follow.) 

Let it be assumed that, in Fig. 3.4 (shown 
again as Fig. 4.1a), the currents 2?, 7%, and 7” are 
replaced for some reason by another set of three 
currents 7”, i”, and z* as shown in Fig. 4.10. The 
problem now is to establish the corresponding C. 
With the aid of this C then the e’ and Z’ of the 
circuit of Fig. 4.1a can be changed to e’’ and Z”’ 
of Fig. 4.1¢ by the previous formulas. 

The steps are exactly the same as before except 
that now Fig. 4.1a forms the “primitive’’ network 
instead of Fig. 3.2. 

1. Express the currents flowing in each coil in 
terms of the new currents, as shown in Fig. 4.1c. 

2. Equate the old expression for current in 
Fig. 4.1a with the new expression in Fig. 4.1c. 


(a) Old variables. 


(6) New variables. 


(c) New currents in 
each coil. 


Fic. 4.1. Change of 
variables. 


However, since the ‘primitive’? network, Fig. 4.1¢, has only three 
variables, zt is now sufficient to equate the expressions tn three of the couls 


only as 
4P sie -- 4™ +. 4m 
ig = — i — ir 
= — gk 


* T.A.N., Chapters V and VI. 
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The coefficients of the new currents form the transformation matrix 
C. The remaining work of finding e’’ and Z”’ is purely automatic. If, 
instead of actual branch currents, hypothetical mesh currents (flowing 
in a closed mesh) are assumed, the analysis is the same. 


Interconnection of Networks 


When a complex system consisting of, say, several rotating machines 
and networks is to be analyzed, it is not necessary to subdivide the 
whole system into individual coils. It is sufficient to subdivide it into 


EVA 


(a) The primitive system. 


{c-10- F440 
(c) New currents in each coil. 


Fic. 4.2. Interconnection of networks. 


several component parts, each consisting of a rotating machine or a net- 
work, analyze each separately (if their Z has not yet been found), then 
interconnect them into the resultant system. 

In many cases the Z matrix of all or most component parts has already 
been calculated on previous occasions, and that work need not be repeated. 
It is this preservation of previous results for later use in new combina- 
tions that is one of the advantages of the tensorial method of attack. 

Let, for instance, the two networks of Fig. 4.2a be interconnected as 
shown in Fig. 4.20. 
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The Primitive System 
Before interconnection Z, e, and iof both systems have been calcu-* 
lated previously as 


e’ = 
Luin Lith 

Z'= Lan Znk 4.2 
Zin | Zhe : 

i’ = 4™ 4” 4% i’ a 


where Zum ¥* Zmk- 

When the two networks are placed side by side as in Fig. 4.2a¢ they 
form a ‘‘primitive system’’ whose e, Z, and i matrices (analogously toa 
primitive system of two coils with no mutuals between them) are 


m n k s t u 


m | Zmm | Zmn 


4.3 


(In the right-hand column the use of compound matrices is illus- 
trated. In terms of compound matrices, the analysis of the two net- 
works is analogous to that of two coils in series.) 
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The Transformation Matrix 


(2) The C matrix is established in exactly the same manner as pre- 
viously. 

1. Assume as many new currents in Fig. 4.2b as there are meshes, 
namely five, 7%, 7°, 2°, 77, and 7. 

2. Express the currents flowing in each coil in terms of these five cur- 
rents as shown in Fig. 4.2c. 

3. Equate the old expressions for currents in Fig. 4.2a with the new 
expressions in Fig. 4.2c. Since there are only six old currents in Fig. 
4.2a, only for their six coils are such equations set up. Hence 


a b ce da f 


The coefficients of the new currents form the C matrix, and C;-Z-C 
gives the impedance matrix of the resultant network, etc. 

(6) The multiplication may be performed quickly if compound ma- 
trices are used. For instance 


Ci-Z-C = | Ci: Co; | 


The indicated multiplications and additions are now to be per- 
formed. 


EXERCISES 


1, Find C changing the variables from Fig. 4.3a to Fig. 4.30. 


2. Find C changing the actual branch currents of Fig, 4,4a to the hypothetical 
mesh currents of Fig. 4.40. 


EXERCISES 3] 
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(c) Transformer. 
Fie. 4.5. 


Fic. 4.6. 


3. Find C interconnecting Figs. 4.3a, 4.30, and 4.4a into Fig. 4.5. 
4. Let the transient impedance tensors Z and impressed voltage vectors e of a 
repulsion motor, a Sherbius advancer, and a transformer of Fig. 4.6 be 


Ss a 


Ss | M cos ap | 
a | M(cos ap — sin apA}) | r% + Lrp | 
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lritLlip| Mp 
ro + Lop 


Myep 


where p = d/dt, 1 = Heaviside unit function, and p@ = velocity of rotor. 

If the three systems are interconnected as shown in Fig. 4.7, what are its transient 
Z' and e’? 

5. If the impedance tensor of the triade tube of Fig. 4.8 is* 


what is the Z’ of the degenerative feedback amplifier of Fig. 4.9? 


Fic. 4.9. 
* T.A.N., Chapter XV. 


CHAPTER 5 
REACTANCE CALCULATION OF ARMATURE WINDINGS* 


Types of Reactances 


An a-c. armature winding has several types of reactances such as 

1. Total aiv-gap reactance due to all the fluxes produced by the 
winding. 

2. Fundamental reactance due to sinusoidal part of the total flux. 

3. Differential-leakage reactance due to the difference of the above 
two fluxes. 

4, Harmonic reactance due to any of the space harmonic fluxes, such 
as third, fifth, eleventh, etc., harmonics. 

With standard methods the calculation of each of the above react- 
ances is time-consuming, and for irregular windings it is prohibitive. 
To find the fundamental reactance a Fourier analysis of the flux wave is 
required, for the total air-gap reactance a summation process, a differ- 
ent one for each type of winding, and so on. The tensorial method of 
attack makes a clean sweep of all these difficulties, no matter how irreg- 
ular the winding, as long as the air gap is assumed to be uniform. 


The Primitive Winding 


The steps are exactly the same as for any network: 

1. Remove all interconnections between the coils, leaving the “primi- 
tive’ winding consisting of a large number of isolated coils. Each coil 
may embrace any number of slots and may have any number of turns. 
The slots may be unevenly spaced. 

2. Calculate the self and mutual reactances of the individual coils by 
the formulas given in Table I. 

With standard windings, equidistant coils have the same mutual in- 
ductances; hence usually half the reactances repeat themselves. For 
instance, for a six-coil winding the reactances between winding 1 and 
the other five coils are shown in Fig. 5.1a. 

The reactances of winding 2 with the other windings are the same, 
except that they are shifted by one element, as shown in Fig. 5.18. 


* T.A.N., Chapter XII. 
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TABLE I 


MutuaL-REACTANCE FoRMULAS OF Two ARBITRARY COILS 


sae 


TOTAL AIR-GAP REACTANCE 


COILS OUTSIDE 


X apt “kas ohms 


(2n-SB) 272 Oe 


Ke(2mf)O.2NqgNat 2 4 


COILS COUPLED 
Kap* -k [ea -n(arp-2 7)| onms 


COILS INSIDE 


hen s -k (ag-2m8) onms 


SELF-REACTANCE 


Xeae -k (a?-2na) ohms 


SINUSOIDAL REACTANCES 
n- TH HARMONIC MUTUAL 


Xap™ 8k i. sin Basin $s cosnY ohms 
n-TH HARMONIC SELF 


: 2 
Rag? 8k 4, (sin a)* onms 


a,e@ = Span of coils in electrical 
radians 
vv = Radians between centers of 


10°8 


Na.NgsNo of turns in coils 
pzNo.of 2m Along armature 
€ *Frequency of current 


123 4 856 
ita} ble |dic |b] 
Fic. 5.1¢. Mu- 
tuals between 
winding one and 
others. 


R= Radius of armature 
S= Length of airgap 
L= Length of stacking in cm. 


| 
_> 
fs, 


2{blalbicl dic | 
Fic. 5.16. Mu- 
tuals bet ween 
winding two and 
others. 
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Hence, the reactance matrix Z of the primitive network with six coils 
is 


5.1 


Oo wm FPF WBS HN 


The manner of repetition of the first row should be noted. 

With a large number of coils, say 72, it is necessary to express Z asa 
compound matrix for easier manipulation. Even in terms of compound 
matrices the same pattern repeats. 


5.2 


Note the appearance of transposed matrices. 

(In calculating individual reactances, it is customary to assume the 
reactance of a single full-pitch coil as unity and express the reactance of 
all others in terms of that.) 


The Transformation Matrix 


Since the coils are practically always connected in series only (to 
form, say, three phases), there are as many new variables as there are 
windings. The C matrix can be established by simple inspection with- 
out writing down the set of current equations i = C-i’. For instance, 
for the capacitor motor winding with sixteen coils (Fig. 5.2) where the 
pitch of each coil is different, C is 


The reactance Z’ of the resultant winding is found by the formula 


Z’ = Cz°Z-C 5.3 
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Fic. 5.2. Capacitor motor winding and its connection matrix. 


giving the self and mutual reactances of the various windings. It 
should be calculated with the aid of compound matrices. 


Labor-Saving Devices 


Because of the simplicity of the connections, numerous labor-saving 
devices may be used. For instance: 

1. The resultant Z’ should be found in several steps instead of one, 
namely: (a) first interconnect only neighboring coils by C,; (6) then 
interconnect them into phases by Co; (c) in case of double windings, the 
phases may be interconnected in various manners. For them establish 
a separate Cs. 

2. The neighboring coils may be interconnected without going 
through the process of C;-Z-C as follows. 

If Z is subdivided into compound matrices as suggested by the neigh- 
boring coils, then the new Z’ is found by simply adding up the elements 


a eal 


Fic. 5.3. Interconnect- 
ing neighboring coils 
only. 


of each compound matrix. For instance, in the case of eight coils, let 
two neighboring coils be interconnected as shown in Fig. 5.3. 
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After the neighboring coils only have been interconnected, the new 
Z’ has half the number of rows as before. The new components are 
found by adding all the elements within a block. Note that the pattern 
in Z’ still repeats. 

After this step, the coils may be interconnected into phases by a C. 


EXERCISES 


1. Find C for the double winding for a turboalternator with 42 coils, Fig. 5.4, and 
express it as a compound tensor. 


42 41 4039383736353433 323! 30292827 2625 2423 22 212019 18 1716 151413 1211 1098 7654321 
AAAS ees ie ne [ee dig 


Iw 
Fic. 5.4. 


2. When the resultant Z’ of the above six windings are 
I 0 QIIV V Vi 
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find the self and mutual impedances if they are connected ‘‘ three-phase through” as 
shown in Fig. 3.5. 


ay 


CHAPTER 6 
THE LAWS OF TRANSFORMATION * 


Definition of a ‘“Tensor”’ 


(a) When a network with 2 meshes is given, instead of saying that 
the network has » currents, 2%, 2” :-- 2", and voltages, €, €) +++ €n; 
and n* impedances, Zga, Za, +++ Zan, it is said that the network has only 
one current i, one voltage e, and ove impedance Z, while the individual 
currents, voltages, and impedances are simply elements of the matrices 
i, e, and Z. 

Suppose that instead of one n-mesh network, there are a large number 
of n-mesh networks, each containing the same coils but interconnected 
in a different manner. With each network there is associated at least 
one i, e, and Z matrix (with each network there are actually associated 
a large number of i, e, and Z matrices, depending upon where the cur- 
rents are assumed to flow). 

Now instead of saying that there are as many current-matrices i’, 
i’, i’ --- as there are networks, it is said that there exists only one 
physical entity, a current vector i, whose projections along the various 
reference frames are the various 1-matrices. 

(>) This figure of speech is analogous to the statement that the 
velocity vector v of a point is the 1-matrix 


wal2}s|a 


along one reference frame, a different matrix 


v7 =]1.512.5 1 4.5 | 


along another frame. Even though the projections vary with the 
reference frame assumed, the entity v itself is unchanged. 

The key to this definition is the fact that it is possible to find the com- 
ponents of v (or i) in any reference frame from the components on another 
frame with the aid of a group of transformation matrices C by a definite 
formula. 


* T.A.N., Chapter VII. 
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If the group of C is not available, the different ~-matrices cannot be 
changed into each other, are independent from each other, and hence 
do not form the projections of a single physical entity. A similar state- 
ment applies to all e and Z matrices. 

Hence a collection of n-way matrices forms a physical enitty, a “‘tensor 
of valence n” if with the aid of a group of transformation matrices C they 
can be changed into one another. 

(c) A “tensor of valence 1”’ like e and i (represented on each refer- 
ence frame by a 1-matrix) is called a ‘‘vector.’’ A “tensor of valence 0” 
like power (P) and energy (T) is called a ‘‘scalar.” Tensors of other 
valence have no special names. Z is then a ‘‘tensor of valence 2,’’ the 
so-called “‘impedance tensor.” 

(d) A tensor is transformed with the aid of as many C (or C; or C7? 
or C;~') as its valence. Hence e and i require one C, Z requires two 
C’s, P requires no C’s. Because of this “chemical” property of a tensor 
of attracting a different number of C’s, the expression ‘“‘tensor of 
valence n”’ originated. Many writers, though, still call it “tensor of 
rank n.”’ 

It is c.ten said that a tensor 1s a matrix with a definite law of trans- 
formanon. Actually a tensor is a physical entity, and its projections 
are the m-way matrices. A tensor differs from a matrix in the same 
manner as a vector of conventional vector analysis differs from a com- 
plex number 2 + 37. 


Why ‘‘Tensors’’? 


(a) The question now arises: Why is it necessary to say that the 
e, i, Z, etc., matrices of all systems with x coils are only different 
aspects of the physical entities e, i, Z? What is the advantage of this 
figure of speech from a practical point of view? 

When it is said that the matrices of a particular system are tensors, 
it automatically follows that all equations associated with this system are 
exacily the same in terms of tensors as the equations of a group of physically 
analogous systems. If the equation of voltage of one system has been 
found to be, say,e = R-i + L-pi + (1/pC)-i, then if the symbols are 
tensors, it automatically follows that the equations of voltage of every 
other physically analogous system is exactly the same. If the equation 
of torque of one system has been found to be f = i-G-i, then for every 
other analogous system the same equation of torque holds true auto- 
maticaily. (Of course, for every system the components of the tensors 
are different.) On the other hand, if the symbols in the equation of 
f = i-G-i are matrices (that is, if they have not been proved to be 
tensors), then this equation is not valid for any other system except for the 
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one for which it has been established and every particular system may 
have an entirely different equation of torque in terms of matrices. 

(b) What if the equations of a large number of different systems are 
identical in terms of tensors? Does that fact contribute to simplify the 
analysis of the large variety of engineering structures? 

Yes, it does; and it is just this resulting simplification that underlies 
the method of reasoning of this treatise. It is advocated here that: 

1. Since the equations in terms of tensors are the same for a large 
number of physically analogous systems, it seems logical that only one 
of them need be analyzed in detail. Hence select one system whose 
analysis is simple and establish all the tensors of this system (the “‘primi- 
tive’ system) and the desired equation of performance in terms of 
tensors. 

2. To find the tensors of any particular system it is then only neces- 
sary to find the particular transformation matrix C (one aspect of the 
“transformation tensor’’ C) that differentiates the given system from 
the primitive system. 

3. Once C is found, the tensors of the given system can be estab- 
lished by routine laws of transformation. 

4, When the components of the tensors of the given system have 
been found, the sought equation of performance is a copy of that of the 
primitive system. 

(c) Of course it is possible to go through the above steps without 
mentioning the word ‘‘tensor,” just talking about the ‘‘Z matrix of 
the old system” and “Z matrix of the new system,” the ‘‘transforma- 
tion matrix C” and the “‘law of transformation of Z,” etc. Neverthe- 
less, the method of reasoning 1s that of tensor analysis, whether it is so 
staied or not. A mairix has no inherent law of transformation; a tensor 
has such a law. 

Behind the above reasoning looms the all-important question: What 
is meant by “physically analogous systems’”’ that have the same equa- 
tions of performance? That is, what systems have a common C 
tensor? This question brings into the foreground the concept of group 
that was treated in ‘‘Tensor Analysis of Networks,’’ Chapter XI. 

(d) The above-mentioned problem of establishing equations of per- 
formance in a simple manner is only one of the numerous examples that 
show the utility of tensorial concepts. Since mathematical symbols 
cannot be measured by instruments, only physical entities, the ques- 
tion of what mathematical symbols in the equations do or do not cor- 
respond to measurable quantities underlies the foundations of all 
physical sciences. The word ‘‘tensor’’ is just another expression for 
“measurable physical entity,” and tensor analysis changes the symbols 
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of a lifeless mathematical equation into living entities. Its concepts 
and philosophy show, for instance, how to establish stationary equiva- 
lent networks that duplicate in some manner the performance of rotat- 
ing machinery, thereby allowing otherwise difficult measurements to 
be made conveniently on a stationary network. The general criterion 
of whether an equation contains only measurable concepts is implied in 
the basic principle of physics (the so-called first principle of relativity) 
stating that all laws of nature are tensor equations, that is, equations in 
which each symbol is a tensor. 


The Law of Transformation of e 


The law of transformation of the voltage vector e may be found from 
the physical fact that in going from one reference frame to another the 
instantaneous power input e-i (a linear form) remains unchanged, or 
“anvariant.’”’ That is 

P=P’ or ei=e’i’ 6.1 
This relation is the physical link that connects all networks together. 
Now let the currents change from i to i’ by 


Substituting, 


Cancelling i’ 


e-C = e’ 
Hence 

e’ = Cyre | 6.3 
and 

e = Cpiee’ 6.4 


It should be noted that, even though both e and i are vectors, they 
are transformed to a new reference frame in a different manner. But 
both being tensors of valence 1, they require C once only. 


The Law of Transformation of Z 


Tensor analysis requires that if the equation of a system in one refer- 
ence frame has the forme = Z-iit should have the same form in every 
other frame. This property will give the law of transformation of Z. 
In the old reference frame let 


[ - 2] 6.5 
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Express i and e along the new reference frame. That is, replace i by 
C-i’ and e by C;'-e’. 
Criee’ = Z-Cei’ 


Multiplying both sides by C; 
e’ = C,-Z-C-i’ 


If the following definition is introduced as the law of transformation 
of Z 


6.6 


ef = Z’.i' 6.7 


The equation of the new system is of the same form as that of the old 
system, equation 6.5. 

The inverse of Z, namely Z~!, may be denoted by a separate symbol 
Y so that i= Z~?-e = Y-e. It is called the ‘‘admittance tensor.” 
Its law of transformation is (derived analogously to that of Z) 


Y=C¢4.¥-C" 6.8 


The Transformation Tensor C 


The collection of all possible transformation matrices, called the 
‘‘transformation tensor C,” is the key to tensor analysis. It is a tensor 
of valence 2. (Its law of transformation will be derived presently.) 
C represents the relation between the old and the new reference frames. 
Because of that fact C differs from Z in the respect that, while on both 
sides of Z the same reference axes are written (either both are the old 
or both the new axes), on the left-hand side of C are always written 
the old axes, on its upper part the new axes. 

When coils, beams, wheels, etc., are connected into an engineering 
structure, the constrained reference axes are ignored; hence in most 
problems C is not square, but rectangular. A study of the missing 
axes (the “dual” axes) is undertaken in T.A.N., Chapters XIV and 
XVI. 

When C is not square (or it is square but its determinant is zero), its 
inverse C~!' cannot be found. Then C is singular and the corresponding 
transformation is called ‘“‘singular’’ transformation. All laws of trans- 
formation that do not require C7! remain valid, however. 
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The ‘‘Group” Property * 

If the variables have been changed from i toi’ by Cy, then from i’ to 
i’ by Co, then again from i’’ toi’’’ by Cz, etc., the successive transfor- 
mations may be performed in one step with the aid of one transfor- 


mation tensor 
C = C,°Co°Cz ot ee 6.9 


This important property of C is called the “group property.”’ Prac- 
tically all engineering problems consist of two or more successive 
transformations such as: 


1. Interconnect coils into a network by C,. 

2. Neglect magnetizing current by Co. 

3. Introduce symmetrical component by C3. 
The Law of Transformation of C 


Let two reference frames be given, and let C3 transform i! to i? as 
te OF ty ty 6.10 


Now let two other reference frames be introduced, and let i’ be changed 
to i? by i? = C3-i° (to that of system 3) and i? to i* by i? = C?-i*. The 
question now is how to find C? changing i? to i*. 

Substitute i’ and i? into equation 6.10. 


Cz-i® = C+ (CZ-i*) 
Multiplying both sides by the inverse of C? 
i = (C3)—'-C)-C2-i# 


Writing it as #® = C-it it follows that 


Ci = (C§)-*- (C4) (C2) 6.11 


Hence, in transforming a C, two other C’s are needed (not one) and 
the inverse of one has to be known. 
The Number of Meshes in a Networkt 


A network may consist of several independent “‘subnetworks’’( Sin 
number) with no physical connections between them. 


* T.A.N., Chapter XI. 
{ T.A.N., p. 72 and Chapters XIV-XVI. 
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A network consists of two component parts: (1) coils (C in number); 


(2) junctions (J in number). 
(Two junctions connected, where the two ends of a coil meet, by an 


impedanceless wire form only one junction.) 
The minimum number of closed circuits, or meshes (M in number), 


is found by the formula 
M=C—(J-5S) 6.12 


In Fig. 6.1 there are: (1) two subnetworks; (2) seven coils; (3) four 


junctions. 


Fic. 6.1. 


Hence the number of meshes is 
M=7-—(4—-2)=5 


The number J — S (number of junctions minus number of subnet- 
works) is an important concept called the number of ‘junction pairs”’ 
(P in number). In terms of them 


— 


Number of coils = number of meshes + number of junction pairs 


CHAPTER 7 
EQUATIONS OF CONSTRAINT AS TRANSFORMATIONS 


Two Examples of Equations of Constraint 


Rarely are the changes from old to new currents stated in a clear-cut 
manner asi = C-i’. In many cases the distinction between the old 
and new currents (variables) is hidden and their separation is made by 
the creation of two physical systems (actually existing or hypothetical) 
to which the two sets of variables may be attributed. 

(2) A relation between currents (or the variables) is 
called an ‘‘equation of constraint.’’ For instance, Kirch- 
hoff’s first law (Fig. 7.1), “‘the sum of the currents enter- 
ing a junction is zero,” 


ot Poe4 ead 7.1 


represents such an equation since it puts a constraint upon the values 
that the currents may assume. 

If a network has ” junctions, the number of such equations (com- 
pletely representing the interconnections) is n — 1. 

That is, the manner of interconnection of a set of C cotls into M meshes 
and J junctions may be represented in two different ways: (1) with the aid 
of the C equations of transformations i = C-i’ representing a transfor- 
mation from an unconstrained (the “‘primitive’”’) network to the given 
(constrained) network; (2) or with the aid of P ‘“‘equations of con- 
straint’ B-i = 0 between the branch currents of 
the given network, or between the currents of the 
unconstrained network. 

These two manners of expression are equivalent, 
and one can be changed into the other, as will be 
shown presently. 

(0) Another example, where an equation of con- 
straint B-i = 0 is set up between the currents of the unconstrained 
network, is a transformer network (Fig. 7.2) where it is customary to 
neglect the magnetizing current by assuming that the sum of the 
m.m.f.’s around the closed magnetic circuit is zero. 

Ngi® + ny? + nei? + ngit = 0 7.2 
46 
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Fic. 7.2. 
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(1g is the number of turns of coil a.) This is also an equation of con- 
straint between the currents of the unconstrained network. 

As many such equations may be written as there are closed magnetic 
circuits in the system. They also can be changed to the alternative 
formi = C-i’. This change is equivalent to the statement that i flows 
in the unconstrained network and i’ flows in 
a constrained network (which is not yet W A a Ee 2 
known). ep ¢ @ fF 

The problem now is how to express an (a) Primitive network. 
equation B-i = OorB-i’ = Oasi = C-i’. 

The purpose of establishing a C is to make 1t 
possible to transform the equation of the uncon- 
strained network, say e = Z:-i, to that of the 
constrained network e' = Z'+i’ by the routine 
laws of tensor analysis. 


(6) Interconnected 


Constraints as ‘‘ Transformations”’ 


network. 
(a) Suppose that a primitive network of Fic. 7.3. 
five coils is given (Fig. 7.3a) having five znde- 
pendent currents, i*--- i’. Each current may assume any value it 


pleases, and the system is unconstrained. 

The effect of interconnecting the same coils into the network of Fig. 
7.3b is to prevent the currents in the coils from assuming any value 
they please. Kirchhoff’s first law introduces 4 — 1 = 3 constraints 
(where 4 is the number of junctions) between the branch currents, 
namely: 

The constraint of junction Ais i” +7” —i% =0 
= 0 7.3 


éé ée tk bc C bc gt’ ech gu’ “as qc’ eas 0 


‘cb éé rz 6c B ‘6 a 7°’ = qr’ 


In terms of matrices these equations can be written as a matric equation 
B-i’ = 0, where 


7.4 


It should be expressly noted that in the primitive network unprimed 
currents flow, while in the interconnected network primed currents 
flow. 
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The difference between C and C’ should be noted. Although both 
have the same components, the left-hand indices in C’ are primed (re- 
ferring to the branches of the interconnected network) while in C they 
are unprimed (referring to the meshes of the primitive network). 

It should be noted that the primitive network with five meshes, the un- 
constrained system, possesses a set of five differential equations e = Zri 
with five independent variables, that are to be transformed with the aid 
of C to the two equations e’ = Z’:i’ of the constrained network. When, 
however, the five currents 7”. 7” are considered branch currents and 
are partly dependent and partly independent, there cannot be associ- 
ated with them a set of five differential equations e = Z:i with five inde- 
pendent variables.* 


(d) Hence, in interconnecting individual coils tnto networks, the trans- 
formation i = C-i' may also be looked upon as a relation iy = C’sig 
between the branch currents. It consists of two sets of equations: (1) the 
P equations of constraint B-i = 0 rearranged so that only independent 
currents occur on the right-hand side; (2) as many equations of inde- 
pendence as there are independent or “‘new’’ variables (some of these 
independent variables may change signs, of course), namely M. 

When, however, not individual coils but whole networks are intercon- 
nected tnto larger networks, the above simple relation does not hold true 
and the C tensor cannot be said to represent a relation between the branch 
currenis. 

Of course it is easier to establish C (representing the interconnection 
of coils) without the intermediary step of equations of constraint, but 
cases will be encountered (such as the method of symmetrical compo- 
nents) where the interconnection of coils should at first be represented 
in the form of equations of constraint instead of i = Ci’. 


Steps in Expressing B-i = Oasi = C-i’ 

Hence, aset of equations of constraint B-i = 0 may be expressed as 
i = C-i’ by the following steps: 

1. In each equation of constraint express one (any one) of the cur- 
rents in terms of the others (that is, carry one of the currents to the left- 
hand side, all the others to the right-hand side of the equation). This 


* Tt is shown in 7.4.N., Chapter XVI, that, if the network is looked upon as an 
“orthogonal” network with an equation of performance e + E = z-(i +), then the 
currents in the coils of the primitive network 2%---i/ are numerically equal to the 
currents 72 ---7 in the coils of the given network. That is, when the “dual’’ axes 
are also considered, then the branches do possess the same set of equations that the 
primitive system does. That set, however, is not e =z-i bute +E =z-(i+D. 
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step defines as many “‘dependent”’ currents as there are equations of 
constraint. 

2. By substitution, adjust the equation so that on the right-hand side 
only the independent currents occur. 

These two steps give as many equations of the needed i = Ci’ as 
there are equations of constraint available. Or rather, they still are 
the equations of constraint but rearranged in a more suitable form. 

3. Equate to themselves the independent currrens. This step gives 
the remaining equations of i = C-1’. 

4, If the primes are removed, the collection of the two sets of equa- 
tions (the rearranged equations of constraint and the equations of 
independence) is the required i = C-i’, setting up a relation between 
the equations of the unconstrained and the constrained system. 


Example of Changing B-i = 0 to i = C:i’ 


(a) For instance, in the case of two transformers (Fig. 7.4), let the 
equations of constraint B-i = 0 represent the assumption that the 
sum of the m.m.f.’s around each closed mag- 
a ic netic circuit (the so-called ‘‘.v.agnetizing’’ cur- 
ina] rents 2”) is zero. That is, let 
p 
Fic. 7.4. 


Nl? + mi? = i" = 0 
Fd i 7.8 
yO net + ng? + nyif = a” = 0 
1. There are five currents 7%, 7°, 7°, i%, and 
i’, Assume arbitrarily that 7% and 7 are dependent currents (hence 
2°, 4%, and af are independent.) 
en hes b 


4 as oe 
Ne 
7.9 
Nd. Ht 
4° = — 42 2 deme 
Ne Ne 


2. There is no need to readjust the equations since on the right-hand 
side only the independent currents occur. 
3. Equating the independent currents to each other 


q? = 4 qt = 4 f= if 7.10 
4. By placing primes to the currents on the right-hand side, the five 


independent currents are changed to three dependent currents by i = 
Ci’. 


STEPS IN EXPRESSING i = C-i’ as B-i=0 51 


i? = — (np/Mq)t” 

i? = i 

fs ~(na/n,)i” — (nz/n.)" oc 
sa = ja 

if = v 


(sak 


(b) Putting primes to the currents on the right-hand side is equiva- 
lent to introducing a hypothetical network, the ‘‘constrained’”’ network 
in which the independent currents i’ flow, just as in removing the 
primes from the currents on the left-hand side of equation 7.7 was 
equivalent to introducing a hypothetical network, the ‘‘unconstrained”’ 
primitive network, in which i flows. The removal or addition of primes 
introduces a new set of variables and thereby it signifies the creation of a new 
network. 

The creation of two networks with primed and unprimed variables ts 
equivalent to the creation of two sets of equations e = Z-iand e’ = Z'.i’ 
that may now be transformed into each other with the aid of C. 

(c) These new currents 2”, 2”, and 7” are not equal to the actual 
currents flowing in coils Z,,, Zag, and Zs; but are only approxima- 
tions to them. They are Aypothetical roe the so-called ‘‘load”’ 
currents. Ly c\ Zz i ry e~ ae 

It is possible to say that: (1) Before aa the” magnetizing, cur-, 
rents, the reference frame of the unconstrained system consists of the — 
jfwe meshes a, b, c, d, and f; (2) after neglecting the magnetizing cur- 
rent, the reference frame os the constrained system consists of three. 
meshes only, b’, d’, and f’. i. 


Steps in Expressing i = C-i’ as B-i = 0 


(a) The reverse problem sometimes arises, 5: to Satablishry fe tige 
of constraint B-i = 0 if i = C-i’ is known. In simple cases Ut iSonly 
a question of picking out and removing the “equations of independ- 
ence.’’ Hence: 

1. Denote the new currents, using the prime convention. 

2. Pick out the equations of independence such as 77 = 7” 
etc. 

3. If one of the equations of independence has the form = —7, 
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this necessitates multiplying every term in the column f’ by —1. (This 
step reverses the direction of 7” to agree with os) 

4. The remaining equations are the equations of constraint. If 
needed, they may be brought to the form B-i = 0 or B-i’ = 0, 

(b) Expressed in another way, B is found from C as follows: 

1. Rearrange C as a compound tensor 


I 


Cc =|—— 7.12 
Cc’ 


(where I is the unit tensor) by writing first the equations of independ- 
ence. 
2. Subtract I, where I has as many rows as C has, so that 


B=C—I 7.13 
= =B 7.14 

Hence 
B=C’~—I 7.15 


EXERCISES 


1. What are the equations of constraint B-i = 0 of Fig. 7.5? 
2. Change B-i = Otoi = C-i’. 


121212 12 12 


Fic. 7.5. Fic. 7.6. 


3. What is the equation of constraint of the five-winding transformer of Fig. 7.6? 
4. Set upi = C-i’ for Fig. 7.6 that neglects the magnetizing current. 


CHAPTER 8 
UNBALANCED MULTIWINDING TRANSFORMERS* 


The Method of Analysis 


The analysis of multiwinding transformers differs in two respects 
from that of the circuits hitherto considered. 

1. Since the magnetizing current in each closed magnetic circuit may 
be neglected, the number of new variables i’ in such cases is Jess than 
the number of meshes by as many as there are closed magnetic circuits. 
That is, the actual mesh network is replaced by a hypothetical network 
with fewer meshes. 

2. In place of the large number of usual self and mutual reactances, 
hypothetical ““‘bucking”’ reactances are generally used, whose number 
is less. That is, the actual coils are replaced by hypothetical coils pos- 
sessing different types of self and mutual inductances. 

3. In balanced three-phase systems the number of variables may be 
reduced to a third of those in the unbalanced case. 


Successive Transformations C,-C, 


The analysis automatically divides into two steps. 
1. The step of interconnecting the coils is represented by C,. That 
is, first establish i = C,-i’. 
2. The step of neglecting the magnetizing current is represented by 
Co. That is, establish i’ = Co-i’’. 
Their product 
C= Ci:Co 8.1 


performs the two analytical operations in one step, changing i to i” 
by i = C-i’’, so that Z’ = C,-Z-C, etc., gives the final results. 


The Steps to Establish Cy 


In establishing Cy (after C; has already been found), the following 
steps are performed. 

1. Set up the equations of constraint B-i = 0 of the magnetic circuit 
before the coils ave interconnected, since in that case the equations are 
easily written. 


* T.A.N., p. 280. 


ro 
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2. Replace in these equations with the aid of the already established 
i = C,-i’ the currents of the primitive network with the currents of the 
actual network by simple substitution or by B’ = B-C. This step 
gives the equations of constraint B’-i’ = 0 in terms of the currents of 
the actual network. 

3. Express these equations of constraint as i’ =C,-i’’ by the standard 
steps, giving Co. 


Example of a Load-Ratio Control System 


As an example, let the C of Fig. 8.16 be established (a load-ratio con- 
trol system with regulating unit) where one three-winding and two two- 


(a) Primitive system. (6) Interconnected system. 


Fic. 8.1. Load-ratio control. 


winding transformers, also a load, are interconnected into a four-mesh 
network. 

Its primitive network, shown in Fig. 8.1a, has eight meshes and eight 
currents 7” --- 7°; the given network has four meshes and four inde- 
pendent currents 2%, 7°’, 7°”, 2”. 

1. Equating the old currents and new currents flowing in each coil, 
the equations i = C,-i’ are 


8.2 


EXAMPLE OF A LOAD-RATIO CONTROL SYSTEM Bie 


The coefficients of the new currents give C, that changes etght variables 
into four variables. 

If the magnetizing currents are not to be neglected, then Cy,;-Z-C, 
would give Z’, and so on. 

2. Neglecting the magnetizing currents of the three transformers 
before the coils are interconnected (Fig. 8.1a), the three equations of 
constraint B-i are in terms of i (in terms of five old currents). 


Ngi? + nyt? + n,i° = 0 
ngi* + n,i? = 0 8.3 


3. Replacing the old currents by the new currents with the aid of 
equation 8.2 (that is, replacing 7* by —7°’, etc.) or by B-C, = B’, the 
three equations of constraint B’-i’ = 0 in terms of i’ (in terms of four 
new currents) are 


I 


Ng? +n’ + ni” = 0 
Py onl 
— ng” — ni” = 0 8.4 
enl . 
ng +n," = 0 


4. Three of the currents, say 2%, 2’, and i”, may be expressed in 
terms of the remaining fourth current 7 as 


. Ny. Ne. 

i? = Sey eee 
Na Ne 

he Wf wat 

= — —¢ 8.5 
Nd 

onl Mh. 

qo = ise 
Ng 


Or adjusting the right-hand side so that it should contain only 7 (by 
replacing 7° and 2“ on the right-hand side by their values from the 
second and third equations) 


eat y Nf Ny, Ne\. ; 
ives iY me Ny” 
Na Wd the Nha 


oh? Ne hh . F 
gh ms Gt = Noi?’ 8.6 
anf Nh wa a? 
w= — — 7 = Nzit 


Ne 
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Now three of the currents are expressed in terms of the fourth cur- 
rent. 

5. Equating the remaining current i” with itself, the three equations 
of constraint, equation 8.6, may be expressed as a transformation i’ = 
C.-i’’ between the actual network with currents i’ and a hypothetical 
network with currents i’’ 


a” = Nyt" 
P= Ny?" 
= Noi@” C. = 8.7 
if = ge" 


C. changes four variables into one variable. Hence, the effect of 
neglecting magnetizing currents is to reduce the number of variables 
by as many as there are closed magnetic circuits. 

6. The product of C, and Cz is 


C=C = 


vQ seh 


nn 2 


C changes ezght variables into one variable. 

If Z of the primitive network (Fig. 8.12) is given in terms of actual re- 
actances, also e, then Z’ = C,-Z-C, e’ = C;-e, i’ = Z'!-e. The cur- 
rents in the individual coils are i, = C-i’ and differences of potentials 
e, = Z-C-i’. The load losses (not including the exciting loss) are the 
real part of i’*-e’ = i’*-Z’-i' or the real part of i¢ -Z-i,. (See equation 
9.1.) In place of actual reactances, however, it is customary to use a 
new type of reactance, the so-called bucking reactance. 


BUCKING REACTANCE 57 


Bucking Reactance 
(2) Let Z of a two-winding transformer be 


2 
44, = 4214 

where L292 = Ne200 
Z12 = NyN229 


If the magnetizing current is neglected, then 


nyt + not” = 0 


C= 8.9 
, ny. 
fy eS 
n2 
and 
Zi = CerZ-C = 1 
where 
2 
Ny ny 
ZS (") Zo2 — 2242 a + Zy1 = MyM1(211 — 2212 + 292) 8.10 
2 2 


It should be noted that the original Z contains four different con- 
stants, while Z’ contains only one, namely Z}_». 

(6) The question arises: Instead of using four constants in the 
original Z, may it not be possible to use the single constant Zj_». as the 
component of Z, so that after the elimination of the magnetizing current 
Z’ still has the same form as before? 

By trial and error it is found that if Z is written as 


8.11 


in that case Z’ = C,-Z-C = Zj_5. 
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The impedance 
1 Mo 


‘ 1 
Lig Se Ino? =— 3 fatale — 2219 + 229) 8.12 


is to be called the ‘‘unreferred bucking impedance”’ since it is not 
referred to any reference winding. In general, 


Zo-3 ee ae, ~—— Zo_3 8.13 


if a third winding is the reference winding in defining Z3_3. 

(c) In the primitive three-winding transformer it is again found that 
if the unreferred bucking impedances are arranged in the form of a 
matrix with zero diagonals, as 


8.14 


then the same answer is found after the magnetizing current is elimi- 
nated as when the usual self and mutual impedances are used. 

(¢d) This process of replacing actual impedances by bucking imped- 
ances is equivalent to introducing hypothetical coils whose self-imped- 
ance is zero, but whose mutual impedances are the unreferred bucking 
impedances. 

The method of establishing Cy and Cy and the calculation of currents, 
eic., remain unchanged whether “‘actual’’ or ‘‘unreferred bucking’ imped- 
ances are used. 


Transformation to Change Z;_» to Z,_. 


(2) In multiwinding transformers usually the bucking impedances 
Z,—m referred to a particular winding are known. In that case, in Z 


of the primitive transformer, the given Z, may be still arranged as 
the 2, 


1 Zi-2 | Zi-s | 


Zo=2| Zi-2| 0 | Zo-s | 8.15 


3 | Z:-3 | Zo-3 | 0 
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but then a transformation tensor Co has to be established that changes 
the referred to unreferred bucking impedances. This Co has the form 
(when winding 1 is the reference winding) 


8.16 


so that Coz-Zo*Co represents a Z containing only Zn_m, namely, equa- 
tion 8.14. 
(b) Instead of establishing first Co,+Zo+Co, it is possible to start with 
Zo, then employ 
C aes Cy °C, - Co 8.17 
to find Z’ where: 


1. Co changes the referred to unreferred bucking impedances (that 
is, it changes Zp to Z). 

2. C, interconnects coils. 

3. Co neglects magnetizing currents. 


Z' = C;+Zo-C gives the so-called load mutual impedances expressed in 
terms of bucking impedances. 

(c) In finding e’ = C;,-e of the transformation, C is still defined as 
C = C,-Cz since Cp is used only to bring Z to its correct form. 

(d) The load losses may be found by e’*-i’ or by i¥-Z-i,. Not only 
the currents but also the losses are the same whether standard self and 
mutual impedances or bucking impedances are used in Z of the primi- 
tive system. 

(e) When the coils of a multiwinding transformer are not intercon- 
nected, C; becomes a unit tensor. The above formulas without any 
change give the ‘‘load mutual impedances,” etc., of the transformer. 

(f) In practical work the leakage impedances Zk are given in ‘“per 
unit.” In that case all windings are assumed to have ithe same number of 
turns (ny = ng = ng = 1) and Co degenerates inio a scalar — 4. 


Short-Circuit Calculation of a Four-Winding Transformer* 


Find the currents in a four-winding transformer when the second 
winding is short-circuited and the voltages on the other windings are 


*Blume, Transformer Engineering, John Wiley & Sons. 
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maintained. The per unit unreferred bucking reactances of the four 


coils are given as 
1 2 3 4 


0.0395 | 0.133} 0.23 
0 106] 0.19 | 
0 087 
8.18 


, ; 
Zy4-2 eas Zo-1 


Z;-3 = Z3_-1 = 13.3 percent 


3.95 per cent 


i 


0.0395 
0.133 |0 106 
0.23 |0 19 


21-4 = Z4_1 = 23 per cent 


0.087 


Zo~-3 = 23-2 = 10.6 per cent 
Loa = L492 = 19 per cent 


Z34 = Z4_3 = 8.7 percent 


023 |019 | 0 092 
019 |}019 | 0 085 } 8.20 
0 092 | 0 085 | 0.087 } 


~4 59 0.34 
6 10; —0 49 
0.49 1 84 


8.21 


From i, = C-i’, 2* = 1.02. 


Load-Ratio Control System 


If in the load-ratio control system, Fig. 8.10, Z is given in terms of 
unreferred bucking impedances, then 
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a b c d f g h k 


8.22 


Because of the smaller number of constants (six instead of thirteen) and 
the greater number of zero terms, the calculation and the results are 
simpler. 

C is given in equation 8-8. 


2Za—pNi Ne + 2Za—cNy + 2Zp—cNe2 


“ZC = Ad = d’”’ : 
C; | +2Z4-;NoN3 + 2Z,4N3 + Zux 


d’’ a”’ 


e’ = C;-e = Pe Gale ee a =e) ga” 8.23 


The currents flowing in each coil are 


The differences of potential appearing across each of the eight coils is 
Z °C ei’ = e; aon 


a b c d f g h k 


| (Zao | (Za—pNi| (Zane | 
| + Za) + Zp) | + Zp) |—Za-p Not?" |—Zg_pNgt?""| Zy_ypi?”"| Zy—nNol?'| Zyyi?”’ 
4 th ed qa”’ 
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TABLE II 


UNBALANCED TRANSFORMER CONNECTIONS AND THEIR 
TRANSFORMATION MATRICES 


First column—C, shows interconnection of coils. 
Second column—Cz neglects magnetizing currents. 


Third column—C represents their resultant. 


~ —Ay ny 
N3 ns(ny+N2) 
SCOTT CONNECTION 36--26 


t soond | | C= 
C; = 5 fi f-t} | Ny=(ngtgengns)/0 
tt fr] N2=(n2ne-n4ns)/D 


D=ng(ny+N2) 
TEE-TEE CONNECTION 


2' 3' 4 5‘ 6' 2" 3* 4" 5" 


T 
ie, 


ny Ng 
Nge ny! Ngs ay 


DOUBLE-SCOTT CONNECTION 26—»36 
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EXERCISES 


1. Find Cy, Ce, and C for the forked auto-transformer of Fig. 8.2. 
2. Find its Z’ in terms of bucking impedances Z,_4., etc. 
3. With an impressed voltage as shown, what are the differences of potentials 


Fic. 8.2. Fic. 8.3. 


appearing across each coil of the forked auto-transformer? 

4. Find Cy, Cy, and C for the two tee-lee connected single-phase transformers supply- 
ing an unbalanced three-phase load, as shown in Fig. 8.3. 

5, Check Cy, Ce, and C and find Z, i, and e, of the transformers shown in Table II. 


CHAPTER 9 
THE METHOD OF SYMMETRICAL COMPONENTS * 


Conjugate Tensors 


The method of symmetrical components introduces a group of trans- 
formations C whose components contain complex numbers. For that 
case the rules of tensor analysis assume a more general form. 

(a) The conjugate of a complex number A = a + jd is a — 7b and 
is denoted by an asterisk as A™*. 

The conjugate of an m-matrix Z is denoted by Z* and is found by 
taking the conjugate of each of its elements. 


The conjugate of a tensor of valence 2 A is A*, and it is found by 
taking the conjugate of its 2-matrices in every reference frame. 
(6) The following three rules should be noted 


1. (AX*= A 
2. (A:B)* = A*-B* 9.2 
3. (AT)* = (A*)7 


(c) When the components of the vectors e and i are complex num- 
bers, then the power is not e-i but 


P = e*+j 9.3 
Similarly a quadratic form is defined as 
P = i*-Zei 9.4 


(¢@) When the components of the transformation tensor C contain 
complex numbers (as in the method of symmetrical components), then 


* T.A.N., Chapter XIII. 
64 
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the laws of transformation of tensors differ in some respects from those 


given previously. In particular: 
Whenever C; occurs in the law of transformation, it should be replaced 


by C;. Hence 


9.6 


(Their proof is analogous to the previous laws except that e-iis replaced 
by e*-i.) 

When C contains complex components, then ‘‘tensors’’ are often 
called ‘‘spinors,”’ also ““hermitian tensors.”’ 


The Hypothetical Reference Frame of Fortescue* tan 


(a2) Let three equal, symmetrically spaced and iso- of lel 
lated coils (a primitive system with three coils) be given {v2 *2) 
with two (not three) different mutual impedances be- Zee 
tween them (Fig. 9.1) such as occur in balanced induc- 

tion and synchronous machines. 


To find the inverse of Z, a determinant with three rows and columns 
has to be solved. 

(b) Fortescue suggested replacing the three actual currents 2”, 7°, and 
i° of the primitive system by three hypothetical currents 7°, 7', and 2” 
(zero-, positive-, and negative-sequence currents) with the formulai = 
C-i’. 


, 1 4 ie 
RP Jal ae ats) 


1 ; ' 
7? = A (1° -- a72! +. ai?) 9.7 


oe 
eo = Te (0° + ai? + a2") 


* G.E.R., May, 1935; T.A.N., Chapters XIII, XIX, and XX. 
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where 
i : — ,J120 — 
a= — 5 + 70.866 = e€ C= 9.8 
a? = — 34 — 70.866 = 7” 
— (np — al 
Det of C = @ — a) /+f3 oe 
Also 
{t+at+a?=0 . 
Cr = 9.9 
a=1:at=a 
qt = a: (a7)* = g 


(The factor 1/+/3 is introduced here to express the power in sym- 
metrical components also by e*-i instead of by 3e*-i, as is usually 
done.) 

(c) In the new hypothetical reference frame Z’ = C/-Z-C 


0 1 2 


p 2+ Xi + Xe 
Z+ aX, + aXe = 


Z+ aX, + a?Xo 


Hence in the new reference frame the three coils have no mutual imped- 
ances (their self-impedances are called zero-, positive-, and negative- 
sequence impedances), also Z’ has only diagonal components, so that in 
finding Z~* no determinant has to be solved. 

(¢) Expressed in another way, the method of symmetrical compo- 
nents replaces the actual coils of a network by hypothetical coils whose 
Z has several (and if possible only) diagonal components. Then the 
inverse calculation is simpler. 

In addition to changing the coils of a network, the method of sym- 
metrical components also replaces the actual given network by a 
hypothetical sequence network that in general contains several inde- 
pendent subnetworks having no mutual impedance between them. As a 
result the inverse calculation of Z’ is simpler. 

To find Z’ of this hypothetical network is the purpose of the present 
study. 
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(e) In two-phase problems, Fortescue’s transformations become (for 
the primitive system with two coils) 


= 50 + 7) 


*b 


9.11 
P= PE -H 


There are no zero-sequence quantities. 


The Four Networks Associated with Every Problem 
(a) Let any three-phase network be given (Fig. 9.20). 


eer a ee ee ee ee -—-- 


bees ee cated ees al 
c) Primitive sequence network 


TT i 


Gad coe AS rs eee le ea | 


actual network 


b) Given actual network d) Sequence network fo be found 


Fic. 9.2. The four basic reference frames of the method of symmetrical components. 


When symmetrical components are to be used, four different networks 
and four different reference frames appear in the analysis in place of two 
(Fig. 9.2). 


1. The primitive network of the given system having C coils and 
C meshes. It is always divided into several groups, each containing 
three coils (or one coil). 

2. The given system with M meshes. 


In both of these actual networks only actual currents flow. 


3. The primitive network of the hypothetical sequence network 
also having C coils and C meshes in groups of three (or one) (the same 
number of groups as in the actual primitive system). 
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4. The hypothetical sequence network having the same number of 
meshes and coils as the given network, but a different number of sub- 
networks. This network, however, is unknown at the beginning of 
the analysis. 


(6) In addition to the four basic networks, in which either all actual 
coils or all sequence coils appear, there are also two mixed networks con- 
taining both types of coils. That is, both the primitive and the inter- 
connected networks may contain both types of coils. 

Considering the mixed primitive system, in the actual coils only 
actual currents flow; in the sequence coils, only sequence currents. 

(c) There is now a large variety of ways in which the problem may 
be stated. For instance: 

1. The self and mutual impedances (or impressed voltages) either 
in the primitive actual network 1 or in the sequence network 3 or 
partly in one, partly in the other, may be given. 

2. The currents and voltages either of the given actual network 3 
or of the sequence network 4 or both are wanted. 


(d) It is possible to establish a C between any two of the four net- 
works. In particular: 


1. The C between the two actual networks 1 and 2 (that is, C3) is 
the usual C hitherto developed involving the constraints of Kirchhoff. 

2. Fortescue’s C, given in equation 9.7, the so-called sequence tensor, 
represents the transformation only between the two primiitve networks 1 
and 3, namely, C3, and even there it transforms only corresponding 
groups. For each group of three coils an additional C, has to be used. 

3. The matin problem to be investigated presently ts to find C changing 
network 3 to 4, of the usual C changing network 1 to 2 is known. 


Given Sequence Quantities, Find Actual Currents 


In many special problems Z and e of network 3 are given and e and i 
of only network 2 are to be found. The steps are obvious. 

1. Change Z and e from 3 to 1 by the sequence tensor C,. 

2. From then on the analysis follows the same as usual. 

The only difference now is that the components of Z and e of 1 con- 
tain sequence impedances (and voltages) instead of the conventional 
actual impedances. 

Quite often the design constants are given in both 1 and 3. That is, 
a ‘‘mixed”’ primitive system only is given. Usually the rotating ma- 
chines are given along 3 and the stationary coils (the fault impedances) 
in 1. Under such conditions change Z of only the rotating machines by 
C, from 3 to 1. From then on the analysis is as usual. 
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Example. For instance, let a generator be connected to a load as 
shown in Fig. 9.3a. The primitive system is known only as shown in 


Fig. 9.3b. That is: 
1. The generator constants are given along the sequence axes 


0 1 2 
Z1 = Qe = C1 9.12 

| Zo 2 | Zag | 

iat iat 
Z|} Zoe ZT 
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(a) Given system. (bd) Mixed primitive. (¢) Actual primitive. 


Fic. 9.3. Generator connected to a load. 


2. The network constant is given along the actual axes 


n=e| 2 | ane o | 9.13 


The first step is to change the sequence part of the primitive network 
of Fig. 9.35 to an actual primitive network, Fig. 9.3c, by C,, equation 
9.7. Hence by C;*+Z,-C and C;-e 


a b Cc 


alZo+Zi+Z_ |Zo+aZ,+07Zo| Zy + a2 + aZe 


ae; 


f €y | Qéy 
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Now both groups of coils are reduced to the actual reference axes, 
and the analysis follows the usual steps. Assuming two independent 


currents in Fig. 9.3a, 


q° = 0 
sbi. gb! 

C= 9.15 
io = — 1 — 78 
= ie 

By C/-(Z; + Z)-C, and Cf+(e1 + ep). 
b’ g’ 
Z,1 + Ze [Zx(1 — a) + Z2(1 — a”)]/3 
[Zi(1 — a?) + Ze(1 — a)J/3 | (Zo +21 + Ze + 32Z,)/3 
b’ g! 9.16 


~~ el 


(a*—a ex 


Given Sequence Quantities, Find Sequence Currents 


(a) Since in many problems Z of network 4 is simpler than Z of 2 
(its inverse is easier to find), it is advantageous to find first the currents 
of 4, then change them to those of 2 (the actually existing currents). 
Also, since network 4 is simpler than 2 (containing more subnetworks), 
it is easier to use it on the a-c. network analyzer. Hence the establish- 
ment of network 4 is important. 

(b) That is, the problem is as follows: 


Given: networks 1, 2, and 3 (or their Z and e). 
Find: network 4 (or its Z’ and e’). 


Or stated in another way: 


Given: C2 changing network 1 to 2. 
Find: C3} changing network 3 to 4. 


The difficulty of this step is that the law of transformation for C 
(equation 6.11) cannot be used since here only one of the needed C’s is 


‘cinceetnuet eae eh sn en 
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available (from 1 to 3, namely, the sequence tensor). The other C 
(from 2 to 4) is not yet available, as network 4 is unknown. 


Steps in Changing C3 to Ci 


(2) Even though the law of transformation of Cj cannot be used, 
still C2 can be found by the following steps: 
1. Let Cj be rearranged as a compound tensor 


9.17 


2. Let Fortescue’s transformation C, (containing as many of equa- 
tion 9.7 as there are groups of three coils) also be expressed as a com- 
pound tensor 


9.18 


The sequence axes (written on top of C,) have to be arranged in the 
same order as the real axes in C3. That is, first the independent (the 
“new’’) sequence axes are written, then the rest that are to be elimi- 
nated. 

3. The desired transformation tensor of the sequence network 1s found by 
(proof to follow) 


I 


—_— 9.19 
—(C’*Co — Cy)1+(C’- Cy — Cz) 


It is necessary to calculate the inverse of a matrix having as many 
rows as there are equations of constraint. 

(5) Since the inverse calculation of C, is simple, the above equation 
may also be written as 


9.20 


—(Cy'+C’sCyg — I Cyt (C’ Cy — Ca) | 


In many cases the use of this formula requires fewer calculations. 


72 THE METHOD OF SYMMETRICAL COMPONENTS 


(c) Once C from network 3 to 4 has been found, then Z and e of 
network 4 are found from those of 3 by the usual formulas. Also the 
sequence network 4 (containing sequence coils) may be established from 
C3 by inspection. 

The sequence network 4 containing the real coils may be established 
(using Z and e of network 1) by finding Cj. Once Cis known, then 


the former is found by 
Ci = C3-C2 9.21 


where Ci is the Fortescue’s tensor C, shown in equation 9.18. 
(d) When the hypothetical i* have been found, then the actual cur- 
rents i! flowing in each actual coil are found by 


i} = C}j.i* 9.22 


Proof of the Formula Changing C3 to C? 


It was shown in equation 7.13 that, if the unit tensor i is subtracted 
from C3, the resultant B multiplied by i gives the equations of con- 
straint B-i = 0, where 


Now if iis replaced by C,-i’, the equations of constraint B’-i’ = 0 
of the sequence network are found, where 


B’-i’ = B,i? + Bp. 


Expressing now the dependent currents in terms of the independents 
i> = —B;*-B,-i? = —(C’-C, — Cy)~?-(C’-Cy — Cz)-i% = 9.23 
giving the lower part of C3. 


Changing Reference Frames of Faults 


(2) In fault studies there are a few standardized types of impedances 
whose Z has to be changed from network 1 to 3 with the aid of C.. 
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To save the repetition of transformation, Table III lists the Z of fre- 
quent impedance combinations for both reference frames. All are 
special cases of the first set, by making some of the Z’s zero. (Similar 
tables are shown in 7.A.N., Chapters XIX-—XX, for other standard 


three-phase networks.) 


(b) A ground coil may have special treatment. To avoid the use of 
three-rowed matrices, a ground coil is considered to have only a zero- 
sequence impedance as shown at the end of Table III. 

Also an actual ground current 2° is transformed into a zero-sequence 


current by the following transformation: 


0 
1 | 
z= 4/3) or ene] va] - ie 


9.24 


The reason is that the ground carries the sum of the three currents 


gpa gett 7 


1 


V3 


3 


[(@° + at + 2?) + @ + ai! + ai?) + @ + ai! 4+ 02?)] 
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(a) Given system. (b) Primitive system. 


Fic. 9.4. Double line-to-ground short circuit. 


Changing A ‘‘Mixed’’ Primitive to a Primitive Sequence Network 


Let the network of Fig. 9.4@ (a double line-to-ground short circuit) be 
analyzed whose design constants are given in the form of the mixed 


primitive of Fig. 9.Sa. 
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(a) Given impedances of mixed (0) Changed to impedances of se- 

primitive network. quence primitive 3. 


Fic. 9.5. Known impedances. 


The first step is to change the mixed primitive into the sequence 
primitive by changing Z, with the aid of Table III. Hence Z and e 
of the primitive sequence (Fig. 9.58) are 


17/ of Ae Oo" 


9.26 


of 


Note that 4 is factored out. 
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Changing Ci into Ci 
C of Fig. 9.4, changing network 1 to 2 (showing the manner of inter- 
connection of coils), is 


apf 
wv =0 
oh? . 
geh 2eu gh 

f ? 
i = # 

th 
4° = 0 1 
. . Co = 9.27 
qo" = 4? 

ef? nas qc 


Two of the equations (second and third) are the equations of inde- 
pendence; hence the remaining five are the equations of constraint. 


1. Rearranging 


9.28 — 


2. Fortescue’s transformation is, by equations 9.7 and 9.24, 
1? 2/ 0’ 0’’ 1°’ As Oe? 


9.29 
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3. Performing the indicated multiplication, 


Its inverse is 


(CoC =C))7) = = | 


The product of the last two matrices is 


0’ 
QO” 
(C/+Cy — Cy)71-(C7+Cy — C3) = 1" | 9.30 
Qn | 
8 led | 
Hence the desired transformation tensor is 
Ci = = 9.31 
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The Equations of the Sequence Network 


(2) Now Z and e of the primitive network, equation 9.26, may be 
transformed by C? with the aid of C/-Z-C and C;<e. 


9.32 


| Zo +2, +22 + 32, Zy+Z+3Z, 
Zo+Z + 32, Zo + Ze + 2Z + 32, 
» 9,33 


* 
Cr-e =e!’ = ej 


The equations of the sequence network aree’ = Z’+i’ or eg = Z44ei* 
ey = (Zo + Zi + 2Z + 3Z,)6" + (Zo 4+ Z + 32Z,)0" 


0 = (Zo +Z + 32Z,)t" + (Zo + Ze + 2Z + 3Z,)i1” 


They may be solved for the currents 2)’ and 7?’ by i’ = Z’~!-e’. 
(b) If the sequence currents 7!’ and 2”’ have been found, then in net- 
work 3: 
1. By equation 9.31, the sequence currents are i? = C?-i* 
0’ i 2 0” at git 


2. The sequence voltages are, by Z-C-i’, where Z-C is given in 
equation 9.32, 
0’ 1’ 2! 0” Eas gr go’? 


—Zo(al + 1%) | Zyt™ | Zon?” | —Z GG! + a’) | Zi" | 20" |—3Z, 0" +7”) ] 9.36 
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Actual Currents and Differences of Potential 


A transformation from network 3 to network 2 with the aid of C} = 
C, shown in equation 9.29 gives the actual currents in each coil as 


0 
(a? — 1)i” + (a — 1)2"" | 
(a — 1)e" + (a? — 1)? 
0 ) 9.37 
(a? — 1)i" + (@ — 1)” | 
(a — 1) + (@ — 1)2”" 
—3(i + i”) 


e ° « . Fo 
The actual difference of potential across each coil (since e’ = C,"-e or 
s Ky 7 
€3 = Ci? -e;, therefore e; = (Ce ) 1 .e3) 1S 


—Zo(s¥ + 2) + Zi" + Zyi™ 
—Zo(i" + i) + arZyY + aZoi*" | 
e1 = (Cyt) “es = 0 | 9.38 
Z(a? ~— 1)! + (a ~ 1)2” : 
Z(a — 1)" + (a? — 1)2?’ 
az Gl 5 


Of course the actual currents i’ and differences of potentials e, could 
have been found from i* without the intermediary steps of finding i® 
and e3. That is 


i} = Cl.i* = C§-C3.i* 9.39 
1 = (Ci*)1+e3 = (C3)? -Z-C}- i 9.40 
The Sequence Network 


When Z’, equation 9.33, has been established, the sequence network 
containing the design constants of the mixed primitive network of Fig. 
9.45 may be established by inspection as shown in Fig. 9.6. 

From Ci, equation 9.31, the sequence network containing only se- 
quence constants is established by inspection, as shown in Fig. 9.7. 
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There are mutual inductances between the double-primed coils as 
shown in Fig. 9.5. 

It should be noted that Fig. 9.6 is a ‘‘mixed” network containing 
both actual and sequence impedances and that no mutual inductances 
exist between the coils. This mixed circuit can be set up on the calcu- 


Fic. 9.6. Sequence net- Fic. 9.7. Sequence net- 
work with mixed imped- work with sequence im- 
ances. pedances. 


lating board. However, in both sequence networks, Figs. 9.6 and 9.7, 
the currents are all sequence currents. 


Networks with Multiwinding Transformers 


When magnetizing currents are also to be neglected, the steps are the 
same as before except that C3 is the product of two C’s. 

Because of the larger number of groups of coils, in such problems it is 
advantageous to deal with compound networks (each coil representing 
a three-phase apparatus) and their compound tensors. It is shown else- 
where * that 2m terms of three-phase compound tensors the analysis of 
three-phase networks reduces almost to the simplicity of that of single-phase 
networks. 

The advantage of the use of compound tensors is due to the fact that 
only a few standardized types of three-phase interconnections and 
faults exist and their corresponding C and Z need be established only 
once. Then for every particular three-phase system these ready-made 
C’s and Z’s are used as components of the compound tensors. 


EXERCISES 
1, Find the conjugate of 


e = ej 


ég9 — jes 


p—jpe| Zee 


Z |p+ipe| 


*T.A.N., Chapter XX 
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2(a) Transform to 0, 1, 2 axes the following Z’s. 


a b Cc 


(b) Transform the new Z's back to their original form. 

3. Verify the fault impedances Z in Table III. 

4. Let the generator of Fig. 9.8, whose Z and e are given in equation 9.12 supplying 
three unequal resistences, be short-circuited as shown. Find the short-circuit current. 


Fic. 9.8. Fic. 9.9, 


5. A grounded generator supplies a three-phase load where 
0’? 
as ° 2 
e = ey 


If a double line-to-ground short circuit occurs 
as in Fig. 9.9, find the sequence and the actual 
currents and differences of potentials appear- 
ing across each phase of the generator and the 
load. 

6. A generator Z; supplies a delta-connected 
load Zy. If a line-to-line fault occurs through 
an impedance Z (Fig. 9.10), what are the 
Fic. 9.10. sequence and the actual currents and voltages 

in each coil? 


EXERCISES 


TABLE III 


FAULT IMPEDANCES ALONG ACTUAL AND ALONG SLQUENCE AXES 


Zo (Z,t 2,+Z,)/3 
Z; =(Zot OZpt O°Ze)/3 | 
Zo2(Z+07Z,+0Z,)/3 | 


8i 


CHAPTER 10 
MERCURY-ARC RECTIFIER CIRCUITS 


Information Implied in C 


The connection tensor C showing how the coils are connected into a 
network includes a surprising amount of information about the net- 
work. It will be shown that in rectifier circuits it gives the instantane- 
ous and r.m.s. values of the currents flowing 
at any part of the system, provided that the 
load current is not too large. C;,-Z-C, of 
course, gives the impedance of the network to 
be used in detailed studies. 

As a simple example, let the six-phase rec- 
tifier of Fig. 10.1a be considered. Each anode 
circuit is considered a closed mesh. The nine 
coils are wound on a transformer as shown in 
Fig. 10.10. 

The method of attack is the same as that of 
any other network containing multiwinding 
transformers. That is: 

1. The coils are interconnected by C}. 

2. The magnetizing currents are neglected 
(or retained) by Co. 

3. The product C,-Cy gives the desired 
transformation tensor C’ in which the new axes are the anode axes 
(and the line axes). 


Fic. 10.1. Six-phase 
rectifier. 


Visualization of Rectifier Phenomena 


(a) Hitherto no attention was paid to the order of the meshes as- 
sumed. Now, however, it is essential to rearrange the anode meshes zn 
the order of thetr firing. 

The order of firing of the various anodes is determined by the equa- 
tion e’ = C,-e, where e is the impressed line voltage (three-phase). 
The components of e’ give the differences of potentials appearing across 
the various anodes. By arranging the components of e’ in their proper 
time phase, the firing order of the anodes is automatically determined. 


am 
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A transformation tensor C; may now be established that changes the 
order of the anodes to that given by e’. Then C’-C, is the final 
C sought. 

(b) Now if it is assumed that the new currents i’ (the anode currents) 
that appear at different time intervals are all equal and of constant 
value Ic, then i = C-i’ gives the currents flowing in each coil in each 
time interval in terms of the direct current Jq_,. 

Since the anode currents Jj., appear at different time intervals in 
each anode, the graphical plot of each row of C (multiplied by Ig 4.) gives 
the instantaneous value of the currents flowing in each coil. 

Also if the components of each row of C are squared, then added and 
the square root of the average resultant is taken, the r.m.s. value of the 
currents flowing in the corresponding coils is found. 


Six-Phase Rectifier 


(a) In the arrangement of Fig. 10.1 three of the coils (the primary) 
are connected in star to the line. Each of the other six coils (the 
secondary) forms a closed mesh through the cathode. Coils 7-9 are 
connected to the common cathode in a direction opposite to coils 4-6. 
Hence their interconnection is represented by 


1 2 4’ OB? 6’ 7 8 = 9! 


10.1 


© 
ry 
H 
=) oO ba 2) ul Ce Ge bt 


(6) There are two closed magnetic meshes; hence two equations of 
constraint may be set up: 


10.2 
Nyt? + ngi® + ngi® — mpi? — ngt® — ni? = 0 
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(The magnetizing currents on the right-hand side, instead of being 
equated to zero, may be assumed to be 7” and 2” > 


The primed currents being substituted, then i’ and 7” eliminated, 


“J! 1 ns ma 4 “4l its 7 it 58" at 47 __ 38! avg? 
; 10.3 
4 oF a roa G oA! ee 945" + 48" oa ri + 948" aah i?’) 
If n,/tp = 7, 
10.4 
Cio = C’ = nX 10.5 


Oo fF wT OO OO Pe WD WH 


1 2 3 4 5 6 7 8 9 
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then 
10.6 
I 
From Fig. 10.2 the firing order a, 0,--:, f follows -s -: 
as 7”, 6”, 8, 4’, 9", 5” (the order may start at any 
coil). a2 a 


(d) The order of the coils in C’ may be changed UF 


1 1 2% 
by the following transformation: Fic. 10.2. Firing 


order. 


it" = i 
io" = af 
78’ = 4 
pt a ae C3 = 10.7 
qo’ = 4° 
40" = 7 


Hence 


nad 


2/3 —1/3 | —2/3 | -1/3| 1/3 
~1/3 2/3} 1/3 | -1/3 | —2/3 
~1/3 | —2/3| -1/3| 1/3} 2/3| 1/3 


1/n 


C=C'-C3 =X 10.8 


oanra a *,» WwW WNW 


* T.A.N., pp. 164-167 
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10.10 


10.11 


(a) coil! 


(b) coil 4 


Fic. 10.5. Instantaneous currents. 


The currents in coils 1 and 4 are shown in Fig. 10.5. Their r.m.s. 


values are wIq.o,/~/6 and Ig-c.(34)V (1? + 17)/6 = Iae./(2V3). 


Twelve-Phase Quadruple Rectifier 


Figure 10.6 shows a rectifier connection with thirty-six coils, in 
which four anodes fire simultaneously. Figure 10.7 shows the number 
of turns of the various windings (a = 0.816 and b = 0.299). 

The analysis follows the previous one step by step except that here 
three closed magnetic meshes are assumed and their magnetizing cur- 


88 MERCURY-ARC RECTIFIER CIRCUITS 


rents are assumed to be identical and equal to 7” (along axis m) instead 


of being zero. C is given in equation 10.12. 
Rows 2 and 3 repeat row 1, also rows 5 and 6 repeat 4. 


Toc 

ATT fey 35 ? At y Pie 

31 «32 pe 33 «34 

ai 1 16 | 22[ 308 

7 | °9 14%} 1. 23 So | 26% | 95 
bo 28 | f - o7d "Bee 

| 15 : 20° . 
10 217 | 248 28 


Glbicidjel f [Sihji 3 fx 


Ipc 
Fic. 10.6. Twelve-phase, quadruple zigzag rectifier. 


The instantaneous current in the line (coil 1), primary (coil 4), 
secondary (coil 7), and interphase reactor (coil 36) are shown in Fig. 


34 35S 36S LL | 


Fic. 10.7. Arrange- Fic. 10.8. Instantaneous currents 
ment of coils. in coils 1, 4, 7, and 36. 


10.8. The r.m.s. currents are: line = 0.683Ig¢%s/Mp; primary = 
0.3941 3..ms/Mp; and secondary = (14+/3)Ia., The magnetizing cur- 
rent flows only in the closed delta. 
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CTOr 


S/T 


9% + PU 9+ PZ I+P 


qe + PE|9+ 02] 0 


Ca UO Ol IC ie 


gg — PE—| 9 — M7 
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EXERCISE 


Find C, the instantaneous currents, and the r.m.s. value of the currents of the 
rectifier circuits of Figs. 10.9-10.11. 


ni 
nz 62 ne 


Fic. 10.9. Biphase circuit. 


SEE 


Fic. 10.10 Six-phase double-wye circuit. 


=< [Call 


Fig. 10.11. Six-phase forked circuit. 


ja Radia ae ee See ae 


CHAPTER {1 
PHASE-SHIFT TRANSFORMERS* 


Considering Only One-Third of the Windings 


In a balanced three-phase system, whatever currents flow in phase a, 
the same currents, shifted by 120 degrees in time, flow in phase b and by 
240 degrees in phase c. That is, if 2%, 2”, and 7° flow in the meshes of 
phase a, then ai*, ai”, and az” flow in the meshes of b, and az”, a4, and 
a7i° in the meshes of c (see Fig. 11.1 for one mesh per phase). 


Fic. 11.1. Currents in balanced three-phase circuits. 


Hence in balanced three-phase systems tt is sufficient to consider only 
one-third of the coils, meshes, and currents. 


Representation of Three-Phase Transformers 


Let three four-winding transformers be given (Fig. 11.2) 
It is customary to represent the coils in the following way. 


a b c 


b>» Aa N — 


Fic. 11.2. Three-phase four-winding transformers. 


1. Those of phase a are always vertical. 
2. Those of phase db are always at 120 degrees from it. 
3. Those of phase c are always at 240 degrees from it. 


* T.A.N., Chapter XIII, p. 339. 
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Instead of drawing the coil, only a straight line is drawn as shown in 
Fig. 11.3. 
Hence the coils of Fig. 11.2 are represented as shown in Fig. 11.4. 


a b c 


i 4 
2 : “~ 
3: | An! —~ Pe 7 3 ( “ 
2 4 { “ 
phase a phase phase ¢ 
Fic. 11.3. Representation of Fic. 11.4. Representation of a 
phases. four-winding transformer. 


Interconnection of Coils 


Let the twelve windings of Figs. 11.2 or 11.4 be interconnected as 
shown in Fig. 11.5. In particular: 


1. Windings 1 into star. 
2. Windings 3 into star. 


(a) Actual connections. (b) Representation. (c) Its primitive. 


Fig. 11.5. Phase-shift zigzag transformer. 


3. Windings 4 into delta. 


4, Windings 2 in opposing series with 3 (the so-called zigzag 
connection.) 


5. Windings 2 are connected in series with a balanced star load. 
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The Primitive System 


It is sufficient to consider the currents only in the first transformer (ver- 
tical lines) and in one of the loads. 
The primitive network (Fig. 11.2 or 11.5c) has five currents 


Z1~-2 | Z1-3 | Zi-4 i= 


11.1 


The Transformation Tensor 


In the given network, Fig. 11.50, there are nine meshes; hence it is 
sufficient to consider three meshes and assume three new currents in 
three of the vertical coils 1*", 7°’, 7*’ as shown. 

The next step is to determine the 
currents 7m the remaining vertical cotls 
and in one of the loads. 

In Fig. 11.6, if 2*’ flows from A to B, 
then ai®’ flows from C to B (see Fig. 
11.1). Hence —ai” flows from CtoD. re 11.6. Determining the current 

Similarly in one of the loads (it does in the remaining vertical coil. 
not matter in which one) 7°’ flows. 

Hence, equating the currents flowing in the four vertical coils (and 
one of the loads) before and after interconnection (comparing Fig. 11.50 
and c and Fig. 11.6), 


+ = 4 

v= —ai*’ 

ie 11.2 
4* aes 4’ 

4° fs 43" 


The coefficients of the new currents give the transformation tensor C, 
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showing the manner of interconnection of the coils. One of its compo- 
nents is acomplex number —a = 0.5 — j0.866. 

It should be noted that, to establish the currents flowing in all verti- 
cal coils, the currents in some of the other coils also had to be estab- 


lished as an intermediary step. 
Of course, in place of the coils of phase a@ (the vertical coils), the coils 
of any of the other phases could have been considered. 


Neglecting Magnetizing Currents* 
The procedure from this point is the same as for any other multi- 


winding transformer network. 
The equation of constraint of the vertical coils before interconnection 


is 
nt + noi? + ngi® + na* = 0 11.3 
Replacing the old currents by the new currents with the aid of 


equation 11.2, 
ni + noai® + ni + nuit = 0 11.4 


Assuming, say, z*’ (the current in the delta) as the dependent cur- 
rent, 


qi’ a gh’ 
43" =a 43" 
11.5 
; my. nod =n3\ . 
Hn May (tt 18+) 9 
Ns, 4 Ng 
Note that Ne is a complex number. 
17’ 3” 
Ci = 11.6 


* G.ELR., May, 1935, p. 237. 
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Currents and Differences of Potentials 
1’ , 3” 


UF eG A 
amen |i it Md 


| —@Zy 9 + Zi-3 + NZZy_4 | Zo-3 — Zo_4(Noa? + Nia) | 
| —a?NyZo_4 + NiZ3~4 + Z3-4(Ne+ NS) +Z | 


11.8 


11.9 


Nyt’ + Ne 8” | Nyt” + Noi?” | 3" | 41.10 


The differences of potential across each coil of the first transformer 
are 
NZ!” + (—aZy2 + Zig + NeZy~4)8" 
(Zig + NyZ__4)0!” 4+ (Zag + NeZo—a)i?” | 
(Zy-3 + NyZ3~4)i!” + (—aZg_3 + NoZ3_4)®" | 11.11 


Zy 40" + (—aZo-4 + Ze4)i*” 
zi” 
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TABLE IV 


BALANCED THREE-PHASE MULTIWINDING TRANSFORMERS AND 
THEIR TRANSFORMATION MATRICES 


First column—C, shows interconnection of coils. 
Second column—Cgz, neglects magnetizing currents. 
Third column—Cz3 represents their resultant. 


ec 
iD. Mar(oeire =n al 


INSCRIBED DELTA 


EXERCISES 97 


EXERCISES 


1. Find C; and Cp of the zigzag transformer of Fig. 11.7 (consisting of three three- 
winding transformers). 
2. Find C; and Cs of the inscribed delta transformer of Fig. 11.8 (three two-winding 


transformers. 


A 
3 
Fig. 11.7. Zigzag transformer. Fic. 11.8. Inscribed delta 


transformer. 


3. Find C; and Ce of the zigzag auto-transformer of Fig. 11.9 (three three-winding 
transformers). 


Fic. 11.9. Zigzag auto-transformer. 


4, Find the currents and differences of potentials across the coils of the trans- 
formers shown in Table IV. 


CHAPTER 12 
INDEX NOTATION* 


Denoting the Reference Axes of a Particular Frame 


(2) In the notation hitherto used (the “direct’’ notation), each 
physical entity (tensor) was denoted by a single symbol e or Z (the 
“base” letter) without showing its valence or its law of transformation. 
Also the notation could not restrict the analysis so that it should apply 
to only one portion of the network. The “index notation” to be shown 
now takes care of these and other needs of the analysis. 

The symbols a, b, c -- - denoting the individual reference axes will be 
called ‘‘fixed” indices. The totality of all axes will be denoted by “ae” 
or ‘‘B’’ to be called ‘‘variable’’ indices, so that a assumes all the fixed 
Indices 1n SUCCESSION. 

The base letter of a vector (tensor of valence 1) will have one variable 
index as 


so that e¢, = 3, eg = 1. 
The base letter of a tensor of valence 2 will have two indices 


so that Z.. = 3, Zpyp = 5, etc. 
The transpose of Agg is Aga. The inverse of Agg is denoted by a dif- 
ferent base letter, as 
(Ang) 1 = BP 12.1 


* T.A.N., Chapter VII. 
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Note that the order and position of the indices are interchanged. 
(ye)! = Zgq and (Zag) > = YP*. 

(b) By using both variable and fixed indices, any row or column may 
be picked out of a tensor at will. For instance, Z,, is the second col- 
umn, Z.g is the third row. 

A tensor of valence 3 has three indices as shown in Fig. 12.1. 

A tensor of valence 0 (scalar) has no index. 


Fic. 12.1. 


Denoting the Various Reference Frames 


The various reference frames are usually denoted by priming the in- 
dices as Zap', Zarrgrt, Zorg ** +. In general, Zg stands for all the 
possible reference frames (primes, double primes, triple primes, etc.) 
in addition to all components Zaq, Zap, etc. 

The symbol Z, the base letter, still represents the whole physical en- 
tity, while the indices show just which reference frame and in that frame 
just which component or components are under consideration. For 


instance, for the tensor Za 
g” gi"! 
a a’ b” al!" af” prt 


— ee | Zeltigir = 


bY’ 7 8 pi 


Zat'th!? = 6, Zperrpers =| —2 | —5 


When the indices contain no primes and are all variable indices as 
Zep, then (if not otherwise stated) they imply all the components of all 
possible reference frames, that is, the entity itself. 

It is customary to use different variable indices for different reference 
frames (instead of different numbers of primes) such as Zag for one, 
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Zmn for another frame. Though this notation is permissible, it is not 
logical, unless the two reference frames are of different types. 


Denoting the Manipulations to be Performed 


(2) The rule for multiplying together two vectors e-i (each with, 
say, four fixed indices a, 0, c, d) can be represented with the aid of 
indices as 


a b Cc d a b C d 
e= 1 | 2 | 3 4 taf °5 | 6 | 7 | 8 
—_————__—_—_» 


d 
ei= Dein =1XS+2X64+3X744X8 = 70 12.2 


ara 


Similarly the rule for multiplying together two tensors of valence 2 is 
represented as 


a 
> AcsBrp = Cay 12.3 
B=a 


x “4 
a —— ¥ apesemnns 7 a 
me 7 t+ es - [|] a |] 
(6) The index 8, along which the summation is performed, is called 
the “dummy index.” The arrows are always drawn along the dummy 


indices. The remaining indices a and y are called ‘‘free indices.’”’ The 
resultant tensor C,, contains only the free indices. E.g., 


>) AabyBys = Cass 12.4 
Y 


showing that the resultant of the product is a tensor of valence 3. It 
may be said that the two dummy indices stand for a dot-product. (In 
direct notation only A-B = A,gBg, can be represented, but not 
Aug Byp.) 

(c) Since the dummy index occurs twice, the summation sign may be left 
Out as 


A opyBys = Cops 12.5 
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This is called the “Einstein convention”’ as he was the first to suggest 
the omission of the summation sign. 


Denoting the Law of Transformation 


(z) Although the currents i and voltages e are both vectors, they 
have different laws of transformation 


i=C-i' and e = Cy}-e’ 12.6 


one attracting C, the other C;+. 

In other words, e and i are two different types of vectors as they behave 
differently when coils are interconnected into various networks (or even 
when the reference frame is changed and the network is left undis- 
turbed). That is, when coils are connected in series, the voltages are 
added, but the currents remain unchanged. On the other hand, when 
coils are connected in parallel, the voltages now remain unchanged and 
the currents are added. 

To represent this difference in their physical behavior, hence in their 
law of transformation, the current vector always has an “‘upper’’ or 
“contravariant” index as 7“, while the voltage vector always has a 
‘lower’ or “covariant” index as eg. Also 2% is called a “‘contravariant”’ 
vector and é, a ‘‘covariant”’ vector. 

(b) In general, if an old index attracts C~* (or Cy"), it is an upper in- 
dex; if at attracts C (or Cz), tt 1s a lower index. 

Since Z attracts C twice, equation 6.6, both its indices are lower in- 
dices as Zag. However, Y attracts C~* twice, equation 6.8; hence it is 
written as Y°?. On the other hand C itself attracts one C and one C7!, 
equation 6.11; hence it has one upper and one lower index as C%. Its 
inverse, C~!, is written C®. 

Tensors may have any number of covariant and contravariant indices 
as A;°"?. So that no confusion may arise as to the order of the indices, 
dots are placed in the empty positions. 

The only exceptions in disregarding the order of the indices are the 
transformation tensor CS, and the unit tensor J%.. 


The Dummy-Index Rule 


It so happens in nature that every type of energy is the product of 
two vectors, one being always a ‘‘covariant’’ vector, the other a ‘‘con- 
travariant’”’ vector. For instance, 7 = y,2” or T = M,v” (My = 
momentum). Similarly, with power, P = én". 

In general, in any problems of tensor analysis, of the two dummy indi- 
ces one 1s always a lower, the other an upper index. 
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With the aid of this rule, the law of transformation of any tensor may 
be written down automatically 


= hae Ove Zap! = ZapCoCpr 


199 
ba = Cy Co’ | Ye'8” = ye8ce’ ce 


Tensor Equations 


(2) Every term in a tensor equation must have the same free indices. 
With one free index every term is a vector, as 


di? ; 
@g = Rag? + Lag + TagyiPi? 12.8 


In every term the free index is a. This equation stands for 7 ordinary 
equations in every reference frame. 
With two free indices every term is a tensor of valence 2. 


VE ee Re GLY AP 12.9 


This tensor equation stands for n? ordinary equations in every reference 
frame. 
With no free indices every term is a scalar. 


P = e,1% 12.10 


This tensor equation stands for one ordinary equation in every refer- 
ence frame. 
(6) The dummy indices may be changed in each term at will. 


Ragi® = Royi? 12.11 


The free indices may be changed only in all the terms of an equation 
at the same time. 
= Ry gi? may be written ase, = R,gi’. 
(c) With index notation the order of the tensors in a product can be 
changed at will 
ApBP’ = BPYA,g | but A-B ~B-A 1242 


The dummy index 6 shows whether the arrows are drawn horizon- 
tally ‘or vertically. However, if the components of a tensor contain 
operators, such as = d/dt, their order cannot be changed (just as the 
order of ) in an ordinary equation cannot be changed). 


Contraction 


It has been assumed hitherto that the two dummy indices occur in 
different tensors as Z,¢7°. However, they may occur in the same tensor. 
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Let 


Then 
At, =A%+A%,+A°,=224+34+4=9 12.13 


That is, A%, represents the sum of the diagonal terms. 

In general, assuming two dummy indices in a tensor (the process of 
“contraction’’) lowers its valence by 2. If Kj;;° is a tensor of valence 
4, then K 45.7 is a tensor of valence 2, namely Kog. 


EXERCISES 


1. How are each of the shaded portions of Fig. 12.2 represented in index notation? 
2, What is the law of transformation of the tensor K3;°? 


epee el 
: vanes 
SN 


, spemmeaeieemeer od 


e 
Fig. 12.2. 


3. What is wrong with the following equations? 
(a) €e = Rpyi*; (b) Aug = ByiC’s; (c) A%s = Bapyi?. 


4. Is the following equation correctly written (that is, are the indices correctly 
balanced)? 


B diP B: 
Ca = Ragi? + dag rs + Tpyat?s? 


5. Write out all the four sets of equations 14.7 as shown in equation 14.8. 


CHAPTER 13 


DIFFERENTIATION AND INTEGRATION OF TENSORS * 


Differentiation 


The differentiation and integration of tensors are facilitated by the 
use of the index notation, as the indices show the succession of steps to 
be performed. The following rules also apply to ~-way matrices. 

(a) A tensor is differentiated with respect to a scalar by differentiat- 
ing each of its components separately in every reference frame. The 
valence of the tensor remains unchanged. 


—7 


cos 6 —sin 6 | — —sin@}| —cos @|{ 13.1 


—T1 


(b) A tensor is differentiated with respect to a vector x“ by differenti- 
ating each component of the tensor with respect to each component of 
the vector im succession. The valence of the new tensor is one larger. 
For instance, find 0A,/édx°, where 


bp =a 249 2g | oxy 2x2" 
NX 
B= sof = xu | 2 | 
~ 
B= ¢ es y 2s 
| 13.2 
a 
0A P 


*T.A.N., Chapter I, p. 31. 
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The expression 0A,/dx” is denoted as Bag. That is, the contravariant 
(upper) index B in the denominator becomes a covariant (lower) index in 
the resultant tensor. aK:e 


ato MS 13.3 


(c) A product of tensors is differentiated by differentiating each ten- 
sor separately. For instance, 


(AagBP) _ bag aBer 
ce ina re 8 Bel as Ag 
axe axe + ap ax 13 4 
Gradient 
In physical problems three types of differentiation occur rather fre- 
quently. 
The derivative of a tensor with respect to a vector x* is called the 
“sradient’’ of a tensor. aa ad 4 
a =. 
7 ax" . 
aB 13.5 
a 
Grad Ds = axe Cag 


Not only a scalar but also a tensor of any valence may have a gradi- 
ent. The valence of the gradient is one greater than that of the original 
tensor. 

From the gradient, the divergent and the curl are built up in the 
following manner. 


Divergent 


If the gradient of a tensor is “‘contracted,’’ the resultant is called the 
“divergent’’ of the tensor. 


Div A, = ofa = 

ax 

se 13.6 
Div Cag = ar = Dz 


Not only a vector but also a tensor of any valence may have a diver- 
gent. The valence of the divergent is one Jess than that of the original 
tensor. E.g., 
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The same result could have also been found by calculating first the 
gradient, that is 0A,/dx° = Bag, then adding its diagonal components. 


Curl 


When the gradient of a tensor has been calculated, then, if its trans- 
pose is subtracted, the resultant is the “curl” of the original tensor. 


dA, 0A 
Curl A, = axe = oa = Bag — Boe 13.8 
That is, if dA,/ ax? = Bg, then its transpose is Bgq. 
OC. aC, 
Curl Cog = 8 — =F = Dapy — Dap 13.9 


Not only a vector but also a tensor of any valence may have a curl. 
The valence of the curl is one greater than that of the original tensor. 
For instance, 


The above tensor is “‘skew symmetric,”’ that is, all terms to the right 
of the main diagonal line are negative to those to the left. The diagonal 
terms are zero. Hence the number of different components is 27/2 — n. 
This skew symmetry of the curl exists in every reference frame. 
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Line, Surface, and Volume Integrals 


(z) A tensor of any rank is integrated with respect to a scalar by 
integrating each of its components. 


a 
a b c a 


Ag =| sin 6 cos @ 3 | sin 
(a4 
a b c a 
fAad8 = Ba = —cos 6 +A sn 04 8 36+ C cos @+ Di 13.11 


(b) Atensor is integrated with respect to a vector by integrating each 
component of the tensor with respect to each component of the vector 
and performing the contraction as indicated by the indices. For in- 


stance, if 
a a b C d A a b é d 
ta =| sins cosy | 3 | | a =| dy | dz | 
[Asdtab= facie + A, dx? + Avast + f Aads! 
= fine de + cos ydy + f 3ds+ f 220 


= —(cosx + A) + (siny + B) + 32+ C) 
+ (2u + D) 13.12 


if Anas? = B* 


Such integrals are calied ‘‘line integrals.”’ 
(c) The differentials may form a tensor of valence 2 (representing a 
surface). In that case the contraction is performed twice in succession. 


| [4% dx? dx’ = f [4 d.BPy = (* 135.13 


Such integrals are called ‘‘surface integrals.” 
(d) ‘Volume integrals’’ assume the following form: 


ff - Acgy5, dx" dx? dx = i} At, de aC AsdA 


Also 
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Stokes’ Theorem 


In tensor analysis the theorem that ‘“‘the line integral of a vector is 
equal to the surface integral of the curl of the vector’ assumes the form 


fe dx = IG — 28) aye dx? 13.15 


the indices indicating the routine steps that have to be performed in the 
integration. 

Of course, a may have more than three fixed indices and A, may be 
replaced by a tensor of any valence. Tensor analysis also supplies a 
routine procedure for the cases when the reference frames are not rec- 
tilinear but curvilinear. 


EXERCISES 
1. If 
x a 
a b c d Pe 
Aa =| xy? | yz? | au? | ux? - 
b 
< Aap = 
a b c d C 
x* =F x 4 z u d 
: OAe 0A ag 0A og 
Find: . ——; (d ——. 
ind: (a) oy 3, + Oo 
d(AqBg) | 8(A apB®) dA agB*C8 
2. (c) ax? ’ (b) ax? 5 (c) axt . 


3. Find the gradient, divergent, and curl of A, and Aag of exercise 1. 
4, Find the line integral of Aq and the surface integral of A ag of exercise 1. 


CHAPTER 14 
THE FIELD EQUATIONS OF MAXWELL* 


Three-Dimensional Form of the Equations 


Important examples for the differentiation of tensors are the field 
equations of Maxwell. In the symbolism of conventional vector 
analysis they are as follows: 

The first set of the field equations (in Heaviside-Lorentz units) is 


CurlH = oo Lad 
c ob c I 14.1 
Div D = p 
The second set is 
1 dB 
CurlE +-—=0 
c ob II 14.2 
DivB = 0 


where p satisfies the equation of continuity 
0 
Div pv + i = 0 III 14.3 


and E and B are expressible in terms of the scalar potential ¢ and vector 
potential A 


1 0A 
Bm gree ak AV 14.4 
B=curlA 
The vectors have the form 
x y Z x y Zz 


*See, for instance, Becker, “Theory der Elektrizitat,” Vol. II, Teubner, Leipzig, 
1933. 
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Four-Dimensional Tensors 

The three-dimensional forms of Maxwell’s equations have the follow- 
ing limitations: 

1. They are not valid if the reference axes have accelerated motion 
such as rotation. 

2. Even when the reference axes are stationary, the equations are not 
valid if the velocity v of the charges approaches that of light. 

3. Unless the reference axes are orthogonal, the calculation of gra- 
dient, divergent, and curl becomes rather involved. 

All these limitations are removed if the above equations are restated 
in the language of tensor analysis. Assuming a rectangular reference 
frame along x, y, 2 (the “primitive” reference frame), Minkowsky gave 
the following tensor forms of Maxwell’s equations, each replacing a set 
of two conventional vector equations. 

First let new types of tensors be introduced by augmenting the three 
space directions x, y, by a fourth, the time 7. These new tensors are 


jpo 


B 14.6 


—HY |—jD* | 


\-H* | 0 | H® |—jD"| 
HY —~ F{* 0 —jD* : 
jD*| jDY| jD? | 0 


* 
where Fg and H°? are skew-symmetric tensors of valence 2. F is 


FOUR-DIMENSIONAL FORM OF THE EQUATIONS 111 


called the ‘“‘dual”’ of Fg. Also, B = Vi-# /c*, where v is the velocity 
of the charge po. 


Four-Dimensional Form of the Equations 


In terms of these tensors the conventional four sets assume the form 


aH? - ds* 
a el soe ms 
*k 
14.7 
a Ifa yp 
<—- = 0 i aS 2= iy 
aa? eT ax axe 
For instance, the first set gives 
On? 0” 0h”. 00. 0H « 
ri aio 2 ake ey $ 
ax? Ox Ox Ox Ox 
when 
1... HF _ aH _ 10D" _ pov 
i oy 02 c ot Be 
a OH’ | dH” 10D"  poV" 
— Ox 02 c at ~— Be 14.8 
a3... 9H _ aH _ 10D" _ wo” 
= Ox oy c jt ~~ Be 
aD> dDY ab’ go 
a= 4 . = — 


ax ra az B 


When the velocity of charge is small, v?/c? is negligible compared with 
unity and 6 = 1. 

Since Fg is skew symmetric, the last set IV only apparently contains 
4* = 16 equations. Four of these (when a = 8) are 0 = 0, while six of 
the remaining twelve only repeat the other six with a negative sign. 

In going over from the primitive (rectangular) reference frame 
hitherto considered to a rectilinear frame, or from a stationary to a 
uniformly moving reference frame, these tensors can be transformed in 
a routine manner by the formulas previously given, but the conven- 
tional forms cannot. 

When curvilinear or accelerated reference frames are introduced, 
these equations have to be generalized again, as will be shown in 
Chapter XXX. 
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EXERCISES 
1. Write out the three-dimensional form of equations 14.1-14.4. 


2. Write out the four sets of four-dimensional equations 14.7. 
3. Let the following C change rectangular axes to cylindrical axes 


icos @| -—7sin @ : xe = | 


| sin @ rcos 6 


A 


(a) Find along the cylindrical axes ga, Sa, Fag, F*?, and H28, 
(b) Establish Maxwell’s equations along the cylindrical axes. 


PART II 
ROTATING MACHINERY 


CHAPTER 15 
GENERALIZATION POSTULATES * 


A Preliminary Postulate 


The purpose of mathematics is to express as long a train of thought as 
possible with as few symbols as possible. 

Suppose, in performing an experiment, it is found that a spring witha 
spring constant 10 is elongated 2 inches by the application of a force of 
20 pounds. That relation is written as 20 = 10 X 2. When 30 pounds 
is applied, the elongation is found to be 3 inches or 30 = 10 X 3. For 
the infinite possible applied forces and for the infinite variety of spring 
constants a separate equation has to be written. 

Algebra introduces the following labor-saving symbolism. Let all 
the possible displacement be denoted by d, the spring constants by R, 
and forces by f. Then all possible measurements may be expressed 
asf = kd. That is, it can be postulated that: 

An infinite variety of arithmetic equations may be replaced by one alge- 
braic equation of the same form tf each number ts replaced by an appro- 
priate letter. 

Such a replacement shortens the analysis of a problem and offers a 
better visualization. Nevertheless, at the end of the analysis all letters 
have to be replaced again by numbers and a certain amount of numeri- 
cal work performed in spite of the ¢ntermediate use of algebra. 

By long usage this generalization postulate has become second nature 
to the engineer, and he hardly ever stops to think of it as such. 


The First Generalization Postulate 


Let a particular network with meshes be given. For the first mesh 
an algebraic equation of the form e; = 234; may be written (in con- 
formity with the preliminary postulate) ; for the second mesh, é2 = 2222; 
and so on. Instead of writing equations and manipulating them, the 
analysis may be simplified by introducing a new symbolism the follow- 
ing way. 

Let all the mesh currents, i', 7” --- be arranged as a 1-matrix and 
denoted by a single symbol i, similarly all the m impressed voltages by e. 


* T.A.N., Chapters II and III. 
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Also let all the 2? self and mutual impedances be arranged as a 2-matrix 
and denoted by Z. Then the x algebraic equations may be replaced by 
the single matric equation e = Z-i. That is, it can be postulated that: 

The n algebraic equations describing a physical system with n degrees of 
freedom may be replaced by a single equation having the same form as that 
of a single unit of the system, if each letter 1s replaced by an appropriate n- 
matrix. The manipulation of the matric equation follows closely that 
of the algebraic equation. 

Such a replacement shortens the analysis and offers a better visuali- 
zation than the original 7 equations. Again, at the end of the analysis: 


1. The m-matrices must be replaced by their elements of algebraic 
letters. 
2. The letters must be replaced by numbers. 


The Second Generalization Postulate 


Instead of one particular network let, say, all the possible stationary 
networks with 2 meshes be given. The matric equation of the first net- 
work is €; = Z +i; (in conformity with the first generalization postu- 
late); that of the second network, @2 = Zo+io; and soon. Instead of 
analyzing each network separately, it is possible to develop equations 
that are equally valid for all these networks by introducing the follow- 
ing symbolism. 

First let the whole group of all possible transformation matrices 
Ci, Co --- = Co be established (at least, it must be known how to 
establish them if and when they are needed) that transform any one of 
the networks into any of the others. If, and only if, these C’s are 
known, then let the totality of all the current matrices i, ig --- be de- 
noted by the contravariant vector (tensor of valence 1) 7%, all voltage 
matrices by the covariant vector é,, and all impedance matrices by the 
tensor of valence 2, Zag. In that case the large number of matric 
equations may be replaced by the single tensor equation e, = Zgi” (or 
in direct notation e = Z-i). That is, it can be postulated that: 

If the matric equation of a particular physical system is known, the same 
equation 1s valid for a large number of physical systems of the same nature 
(for which a group of transformation matrices Cz, may be established) if 
each n-mairix is replaced by an abpropriate tensor. 

It cannot be sufficiently emphasized that the key to the tensor equa- 
tion is the existence of the group of transformation matrices C%, with 
the aid of which the ordinary equations of any system can be changed 
at will to those of any other system. It is incorrect to say that a matric 
equation is valid for, say, all networks. In order that a symbolic equa- 
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tion, say Z’ = Z; — Z2-Zy*+Zs, should be valid for ail networks, it is 
absolutely necessary to know how to establish the components of each of 
the symbols Zi, Ze, Z3, Z4, and Z’ for any particular network with the 
aid of C from those of any other network by means of definite laws of 
transformation. But, if C is known, and Z,, Z> --- each has definite 
laws of transformations, the latter symbols are not ‘‘matrices’’ but 
“tensors, actual physical entities. 

Once the solution to a problem is expressed in a tensor equation, 
again, for any particular physical problem: 


1. Each tensor must be replaced by the components along the 
reference frame in question, namely, by an 2-matrix. 

2. Each n-matrix must be replaced by its algebraic letters. 

3. Each letter must be replaced by a number. 


Further Generalization Postulates 


Since the second postulate refers to physical sysiems of the same nature 
(or reference frames of the same nature), the question arises what 
happens if the physical systems are of different nature; say one is a 
stationary network, the other a rotating machine; or one has a recti- 
linear, the other a curvilinear, reference frame. For such extensions 
further generalization postulates can be established that will be cov- 
ered subsequently. 

In general, the greater the saving in thought and labor in the inter- 
mediary steps, the more routine work has to be left to be performed at 
the end of the analysis. In the solution of any problem about the same 
amount of numerical work has to be performed with or without the use 
of algebra; the same is true about the use of tensors. Both algebra and 
tensors are thought-saving and not arithmetic-saving tools. They 
avoid the necessity of learning a new trick for every problem. 


CHAPTER 16 
THE PRIMITIVE ROTATING MACHINE * 


Reasoning with the Aid of the Generalization Postulates 


Let a single coil, in which the instantaneous current 7 flows, move 
with an instantaneous velocity p#in a magnetic field. A statzonary ob- 
server is able to establish from several numerical experiments (with the 
aid of the preliminary postulate) algebraic equations for the voltage and 
torque in the coil. These oats are 


e= Ri +2 ~ + Bpe 16.1 


f =1B 16.2 


where 9 is the flux linkage of the coil and B is the flux density (different 
from ¢) that the coil cuts. 

Let a particular rotating machine with siationary reference frames be 
considered, say an amplidyne, in which several coils have the same in- 
stantaneous velocity p@. (To simplify the problem, first the equations 
of one machine are developed so that only one p@ occurs, also only sia- 
tionary reference frames. The extension for several $6 and for rotating 
reference frames requires more advanced concepts of tensor analysis.) 

By the first generalization postulate, in terms of matrices the above 
equations assume the form 


d 
e=Ri+ or + Boe 16.3 


f=i-B 16.4 


where e, i, g, and B become 1-matrices and R becomes a 2-matrix. 
By the second generalization postulate, the equations of al/ rotating 
machines with stationary reference frames become, in terms of tensors, 


d 
e Rei t+ 7 + Boo bx Rag +S + Bapo 16.5 


f=i-B f =?B, 16.6 


* A.T.E.M., Part III, p. 24. 
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if, and only if, the group of transformation matrices C% exists by which 
the equation of any machine may be established from that of any other. 

It should be noted that the reference axes are restricted to be all of 
the same type, namely, all stationary in space. 


The Method of Attack 


(2) The second postulate suggests that, in order to establish the 
equations of any machine, first from the fundamental laws of electro- 
dynamics let the equations of another machine, say the ‘‘primttive’’ 
machine, be established whose equations are comparatively easy to deter- 
mine. Then, by setting up a CZ between the primitive machine and 
any other machine, the equations of the latter can be established in a 
routine manner, without starting its analysis all over again from 
fundamental laws. 

The study of rotating machines (just like the study of general net- 
works) will consist then of three main steps: 


1. The establishment of equations of the primitive machine. 

2. The establishment of C for each machine, showing how the 
given machine differs from the primitive machine. 

3. The routine determination of the performance of any machine. 


(b) Because for special types of machines special labor-saving devices 
can be introduced, the study of some of these will also be undertaken. 
All the labor-saving methods for general networks will be used in ro- 
tating machines, in addition to new ones. These old devices are: 

1. Permanently short-circuited meshes (with or without impressed 
voltages) are eliminated. This step decreases the number of variables, 
without, however, changing the degree in p = d/dt. 

2. Magnetizing currents are eliminated. This step decreases the 
number of variables, also the degree in p = d/di. 

3. Hypothetical design constants (such as ‘“‘bucking”’ reactances) are 
introduced. This step decreases the number of design constants. 

4, Hypothetical reference frames (such as “symmetrical compo- 
nents’) are used. This step decreases neither the number of variables, 
nor the degree in p, nor the number of design constants. However, it 
decreases the number of terms (components of Z) and thereby simpli- 
hes the inverse calculations. 

5. In balanced polyphase machines all but one phase are eliminated. 
This step decreases greatly the number of variables, the degree in p, 
the number of design constants, and the number of terms. 
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Representation of a ‘‘Layer of Winding” 


The primitive rotating machine consists of a cylindrical stator and a 
rotor, each equipped with several concentric layers of windings. The 
stator has two salient poles; the rotor is smooth. The 
simplest element is now not a “‘coil’’ but a “layer of 
winding.” For the sake of simplicity, a two-pole, two- 
phase machine is considered. 
tt] On the stator a layer of winding will usually be rep- 
resented by two coils, one on the salient pole and 
another at right angles to it between the two poles 
(Fig. 16.1). On the rotor a layer of winding will be rep- 
resentation of a er ; 
stator and rotor resented by a closed drum winding with two sets of 
layer of winding, brushes on it, one along the field pole (direct axis) and 
one at right angles to it (quadrature axis). Through 
the direct axis brush flows 27; through the quadrature axis brush 
flows 7%. (A machine with a structure such as Fig. 16.3 is, for 
instance, the amplidyne.) 


Fic. 16.1. Rep- 


Phase-Wound and Squirrel-Cage Rotors 


(a) D-c. and a-c. commutator machines do have rotor layers of wind- 
ings equipped with commutators. It can be shown that phase-wound 
and squirrel-cage rotors also can be represented by a closed drum wind- 
ing with two hypothetical sets of brushes at right angles in space, that 
serve as reference axes. 

If a cross section is made of such a winding, it can be assumed that at 


4+ 4 + tay + 


(a) (0) 


Fic. 16.2. Representation of i and e. Fic. 16.3. Physical representation of 
“d ° 
a and 74, 


any one instant the current-density wave is sinusoidally distributed in 
space (Fig. 16.2a). This current will be represented by a vector i drawn 
in the direction of the flux produced by the current. As time goes on, 
this vector changes its magnitude and direction. The projection of this 
current (or rather m.m.f.) vector along the salient pole (direct axis) will 
be denoted by 2” and along the interpolar space (quadrature axis) by 7. 
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Similarly an instantaneous generated voliage e in the winding (Fig. 
16.2b) will be assumed to be sinusoidal in space and is represented in 
exactly the same manner as the current 1. 

(b) A physical interpretation may be given for 7? and 7? by assuming 
two hypothetical sets of brushes on the rotor (Fig. 16.3). Then 7? is 
assumed to flow through the direct axis brushes and 7% through the 
quadrature axis brushes. Only in commutator machines have these 
brushes actual physical existence; in synchronous and induction ma- 
chines they serve only as a reference frame along which the actually 
existing current vector is projected. 

(c) To summarize, in the rotor of a commutator machine 7? and 72 
each has actual physical existence, but their resultant in space, i, is 
hypothetical. On the other hand, in a phase-wound or a squirrel-cage 
rotor the resultant i has an actual physical existence, and its two 
components, 2? and 7%, are hypothetical quantities. 


The Primitive Machine 


A rotor layer of winding with true or hypothetical brushes may be 
considered to consist of two hypothetical coils at right angles (Fig. 16.4). 


(2) (d) 


Fic. 16.4. Four different representations of a rotor layer of winding. 


While the conductors forming these coils rotate, the resultant coils be- 
tween the brushes are stationary; that is, the coils are composed of dif- 
ds2 fel : 
ds, I | 
dr, SI q 
oe 
= ti 


(0) 


Fic. 16.5. The primitive machine with four layers of windings. 


ferent conductors from instant to instant. (In practice the coils are 
shown by dotted lines, Fig. 16.4d.) 
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Since every layer of winding may be represented by two coils at right 
angles, the “primitive” machine consists of two sets of coils at right 
angles in space (Fig. 16.5). To simplify the equations, usually only one 


(a) (0) 


Fic. 16.6. The primitive machine with two layers of windings. 


layer will be assumed on the stator and one on the rotor—four coils alto- 
gether (Fig. 16.6). The generalization of all equations from four coils 
to 2 coils is obvious. 


Generated Voltages 


(a) In the primitive machine let a current 7” flow in the stator direct 
axis winding in the positive direction (producing a positive flux), and 
let the rotor rotate clockwise. The question to be investigated is: What 
are the voltages induced and generated in the four windings due to the 
presence of the single current. The self-inductance of the coil is Lg,: 
its mutual inductance with the rotor is Mg (Fig. 16.7). 


E ind 
Fic. 16.7. Current i# Fic. 16.8. Induced and generated 
flows. voltage due to i*. 


1. Assuming the rotor stationary and the current varying, voltages 
are induced only along the direct axis windings d, and d,. In the stator 
d, appears e = Lz,pi", and between the direct axis brushes d, appears 
C= Mapi®. 

2. Assuming the current constant and the rotor rotating with a 
velocity £0, generated voltage exists only between the brushes along the 
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quadrature axis q,, namely, e = (12p6)i"*, where Mj is different from 
M, and represents the proportionality factor between the generated 
voltage e and a7* p@. This factor M’, will be called here the “mutual 
inductance’ between the axes d, and q, due to the existence of rotation. 
The proportionality factor 7* Mj between e and 8 will be called here 
the ‘‘flux-density wave’’ B. 

In a commutator machine all these induced and generated voltages 
can be measured and the constants Lg., Mz, and Mj ascertained by test. 
In a phase-wound or squirrel-cage motor these constants can also be 
determined from measurements or design data. In the latter machine 
the corresponding induced and generated voltages can be represented 
by Lenz’ law as space vectors, as shown in Fig. 16.8. 

These internal generated voltages due to 2“ (also the resistance drop) 
may be tabulated as 


Fas es (—Tas omer Lasp)i® 


Ear = —Mapi* ; 
= 16. 

Ear = Mop a” 

Exe = 0 


(b) If positive currents are assumed to flow in each of the four coils 
and the voltages due to the presence of each coil current are similarly 
tabulated, the resultant impedance matrix for the primitive machine 
becomes 


ds d, 


ds] —?’as —~ Lasb| —Map 0 


d, : ot M dP — i LarP —Lorb 6 


a] 0 


16.8 
so that the generated voltage equation ise, = Zgri. 
That is, the Z, of the primitive machine is the same as the Z, of a 
d-c. machine with two sets of brushes at right angles. 
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components, sometimes it is more convenient to assume the order 


dsy Qss d,, dr so that 
ds ds d, i 


| tds + Lasp 0 


0 tas + Lash Mop 
aera: 16.13 
Map M pe tr + Lab Lirb 


— Mape Mb —Lib? | % +Lop | 


Component Tensors of Z 


(a) The above impedance tensor consists of the sum of three tensors: 


{. The coefficients of all p are denoted by L. 
2. The coefficients of all £6 are denoted by G. 
3. The remaining terms are denoted by R. 


d, d- dr Qe d, d, dr qs d, d, dr ds 


16.14 


1. The resistance tensor R contains the resistances of the four wind- 
ings. 

2. The inductance tensor L contains the self and mutual inductances 
of the four windings. (There is no mutual inductance between the 
direct and quadrature windings.) Theinductance tensor L = Lag plays 
a fundamental role in tensor analysis and is called the ‘“‘metric tensor.” 
In dynamical studies the metric tensor is denoted by agg and in geom- 
etry by gag. 

3. The torque tensor G contains the mutual inductances existing 
because of rotation (such mutuals exist only between d and q coils), 

(>) In terms of the three tensors 


Z=R+1Lp+ p0G | Zig = Rog + Lagh + p0Gog «16.15 
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so that e = Z-i may be written as 
e=Ri+tL-pit peG-i | e = Ragi® + Laghi? + p0Gagi® 16.16 


Physical Tensors 


(a) From the basic tensors R, L, and G (containing design con- 
stants), other tensors may be derived expressing physical entities. Two 


of these tensors are: 
1. The flux-linkage vector g representing the resultant flux linkages 


of each winding 
g = Lei] gy = Lagi 16.17 


2. The flux-density vector B representing the resuliant flux density 


cut by each coil 
B=G-i | By = Gigi? 16.18 


In terms of these vectors 
e=R-i+ po +Boo | ey = Rog? + por t+ Babf 16.19 


(b) For the primitive machine 


L asi@® - M wit 


Mai? + Lay Liat Mia 
16.20 


Lyi” + Myi* | —(Ma® + La) | 


Ma? + Lyi™ | 0 


The flux-density vector B represents only the rotor flux densities that 
produce generated voltages and torques. The stator flux densities play 
no role in these equations. 

In terms of y and B the equations 16.19 of the primitive machine are 


Eds = Yagi” + Peas 
Cdr = t,o + Pedr + Barb G 
Cgr = 1,07" Pear ag Barb O 


€gs = %qst™ + pogs 


16.21 


(c) Since the electromagnetic torque upon the rotor (in the direc- 
tion @) is 
f=i-B | f = iB, 16.22 
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substituting the value of B, the zustantaneous torque is 
f=i-G-ei | f = Gigit® 16.23 


The Rotation Tensor 


(2) In phase-wound and squirrel-cage rotors it is assumed that the 
current-density and flux-density waves are sinusoidally distributed in 
space. In that case M’ = Af and L’= L. Also G may be expressed 
in terms of L as 


G = yieL 
Cap yelp 


16.24 where y, = 7% 16.25 


A similar relation exists between the flux-density wave B and flux- 


linkage wave » 
B= ¥.-9 | Be = ep 16.26 


Fic. 16.9. Rotating a vector by 90° 
with the aid of Y;. 


(b) The tensor ¥ is called the “rotation tensor’ as it rotates a vector 
in space by 90 degrees. For instance, if in Fig. 16.9 


d q 
i= | 3 = OA 
then 
d q 


yei=| 3 | 1 |=OB 


Hence in each layer of winding the flux-density wave B is at right 
angles in space from the flux-linkage wave ¢. 
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(c) In a commutator machine ¥; has no existence, G has no relation to 
L, and B is independent of ¢. 


More General Forms of Z 
(a) When the rotor rotates in the opposite direction (counterclock- 
wise), Fig. 16.10, then 9 becomes.negative and 
ds d, dr ds 


| | 
| tds + LasP Map 


Map te Larp —Lib 6 
16.27 
Mape Labo | tr +Leb 


Fic. 16.10. Primitive machine of Z. 
The equation of voltage becomes 
e=Z-i=R-i+ pp —Bope | eg = Zogi® = Ropi? + pe, — BypO 16.28 
(6) When zero-phase sequence currents flow in the stator layer, or 


rotor layer, or both, an extra row and column are introduced in Z for each 
zero-sequence current and an extra coil in the primitive machine. Then 


d. d, qr Qs 0; 0, 


—Lirp§ | te + Leb eas 


That is, now three axes exist on each layer of winding, d, q, and 0. 
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MORE GENERAL FORMS OF Z 


gd? Wy G80? yy 


GOT Eee) eae = 


gGeeT GeeT + sy 


Gerry 4 WP, 


a) 
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(c) With two layers of windings on the stator and rotor, Fig. 16.5 
(but no zero-sequence currents), the Z is shown in equation 16.30. All 
components containing p represent L; those containing pé represent G; 
and the rest, R. 


Axes Fixed to the Rotor 


(a) It is a property of the laws of electrodynamics that they depend 
only on the relative velocities existing between the reference frames, the 
electromagnetic field, and the material bodies lying in the field. 

In the primitive machine of Fig. 16.6 (having the Z of equation 
16.10): 


1. The four reference axes and the salient pole are stationary. 
2. The smooth structure rotates clockwise. 


Hence the same Z is valid also if: 


1. The smooth structure is stationary, 
2. The four reference axes and the salient pole rotate together 


counterclockwise (Fig. 16.11). 


(b) Such a case occurs in synchronous machines (Fig. 16.12); hence 
the Z of equations 16.10 and 16.30 are equally valid for them, if the sub- 


Ne, , 


Fic. 16.11. Relative rotations of a Fic. 16.12. Equivalence of induction ma- 
salient and smooth structures. chine and synchronous machine structures. 


script s refers to the salient pole (now the rotor) and the subscript 7 to 
the armature (now stationary). 

However, synchronous-motor engineers assume that the salient pole 
(and the reference frame) rotates clockwise (or rather from d to q); 
hence it is the Z of equation 16.27 that corresponds to this convention. 
Since usually amortisseur windings (axes k) exist in both direct and 
quadrature axes, a primitive machine with at least five axes appears in 
synchronous-machine studies. Hence extending equation 16.27 in the 
manner of equation 16.30, and replacing the subscripts s by f (field) and 
k (amortisseur) also r by a (armature), the Z to be used in synchronous 
machine studies is 
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16.31 


If G is formed (Table V) from the coefficients of 6 in Z, (equation 
16.31), then i-G-i = i-B represents the electromagnetic torque on the 
stator in the direction 6 since B now represents the flux-density wave of 
the stator. 

It may be mentioned that the direction of q may be reversed as shown 
in Fig. 16.13c, and a counterclockwise rotation (still from d to q) may be 
assumed. All equations, however, 4, 


1 ; f dq d 
remain the same with both con- st .  & f° 
a a 


ventions. q 

(c) When several machines are dof \ oe _ 
interconnected, some rotating Ga} _ 
clockwise, some counterclockwise, 


then appropriate Z (or Z,) has to (a) (0) (c) 

be used for each. For future ref- FIG. 16.13. Three different representa- 
erence, Table V has been con- tions of a synchronous machine. 
structed for Z and Z, containing two directions of rotation. For each 
type of machine and for each direction of rotation Z = —Z,. 

(d) Even though the Z of a synchronous machine refers to a reference 
frame that rotates,inasmuch as the four axesare relatively stationary with 
respect to eachother both cases will be called “‘stationary’’ axes, meaning 
“relatively stationary’ axes. The expression “rotating axes’’ to be 
introduced later on will mean “relatively rotating’’ axes; that is, it will 
represent the case where there is a relative rotation between the axes 
themselves. (The equation e = R-i-+ py + BD@ is not valid for that 
case as will be shown later.) 

Unless otherwise stated, the Z and direction of rotation of Table Va 
will be assumed as those of the primitive machine. 


Torque in Machines with Smooth Air Gap 


(a) The torque f = i-B may also be written (if i, = stator currents 
and i, = rotor currents): 


f = i-B == i,-B = iG: Gi, + is) 16.32 
since B links only the rotor axes. 
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TABLE V 


Tue Z, Zg, AND G TENSORS OF THE PRIMITIVE MACHINE WITH VARIOUS 
DIRECTIONS OF ROTATION. 


Cael a 
P Map [et lee | bay® | Mape_| 
sigs |-a 98 [eet g | Mgp 
ae eae 


TastlasP | 


ptasLasP | -MgP | OT 
7 
.[iyp8_[ Cy Pte | Mad 
a 


d, 
ee ee 
PMap6 | Laspe | fe+LgsP | Map | 
ee oa, ha ese 


Farter® | -MgP | 0] 0 
“Myo [fe-LasP | Ugep® | Magno 
P=MaP@_[-LagPO _[te-LgeP | -MeP 
pM QP far Lage P| 


fatlae] Map | 0 | 0 | 
[igo [Lg | -LarP® | “apd | 
Lae [htLerP | Mgr | 

ee 
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The G tensor can also be divided into two components G, and G, 


G=G,+ G, 16.33 


16.34 


so that 
7 a 1,°Gg-is + i,°G,-i, 16.35 


(5) Now, if the machine is smooth, L,, = Lg, = £,, and the torque 
due to the rotor currents alone is zero. 


i-Gpei, = 17° L,09 — iV La" = 0 16.36 


and the torque becomes 
Ha = 1° Geely 16.37 


In machines with salient poles, the torque 
f =i,G,-i, = 71%" (Lor — Lay) 16.38 


is the so-called reaction torque introduced by the saliency of the poles. 

(It must be remembered, that G, and G, are no longer tensors and 
they cannot be introduced if, for instance, the equations are intended 
to be used for establishing equivalent circuits.) 


CHAPTER 17 
TRANSFORMATION TENSOR* 


Interconnecting Coils 


(a) The primitive machine consists of several isolated coils, each with 
an e.m.f. (mostly of zero value) impressed upon it. It differs from the 
primitive stationary netwerk only in one respect. Its coils are arranged 
at right angles in space, thereby having mutual inductances only be- 
tween coils along the same axis (as if it consisted of two isolated multi- 
winding transformers). Because of the permanent spatial arrange- 
ment, it is not necessary to denote the ends of the coils by 1-2. 


BOO © 


Fic. 17.1. Representations of a short- Fic. 17.2. Representation of a squirrel- 
circuited brush set. cage winding. 


If the stator and rotor coils of one or more primitive machines are in- 
terconnected in any manner with each other or with some stationary 
network, the steps in establishing C are exactly the same as in sta- 
tionary networks. 

(6) A set of brushes short-circuited upon itself is represented by a 
heavy line, Fig. 17.1. 

A squirrel-cage winding is represented by two sets of short-circuited 
brushes at right angles (Fig. 17.2). 


The Turn-Ratio Transformation C 


(a) If the constants of the primitive machine are calculated by as- 
suming that all coils have the same number of turns, then when two 
coils are connected in series, their turn ratio must be considered. 


* A.T.E.M., Part III. 
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Let the current in a conductor be 2 (Fig. 17.3). If the conductor is 
subdivided into 2 small but equal conductors, the current in each is 7’, 
so that the relation 


t= ni 17.1 
i (" af fy, 
Ui fe be! 
Ne fd 
Before After (b) 0 
subdivision. subdivision. ec oUd 
Fic. 17.3. Changing the number of Fic. 17.4. Coils with different number 
turns. of turns. 


represents the transformation of increasing the number of turns of a 
coil by x. When in the primitive network of Fig. 17.4 coil 6 has unit 
turns, while the others have a different number, then 


17.2 
r “pea 8 
ics ic} j jdst ic Ib 
| I 1 ~~ ii 1 t 
ft 
! gs, | Tr | 
{ le l 
LID Gif 
! WE va! 
{ h! \ i 
fe 
J ! 
es ois De es le ea en i Su ad 
(2) Given network. (6) Primitive system. 


Fic. 17.5. Interconnection of a rotating machine with a stationary network. 


Because of the simplicity of Cy, it is usually possible to set up C1°Cz 
in one step. When in doubt, C should be set up in two steps. 

(>) For instance, let a motor be interconnected with a stationary net- 
work as shown in Fig. 17.5a. 
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The primitive network has eight currents (one for the impressed 
voltage that happens to have zero impedance in series with it). The 
given network has five currents. Equating the old and the new currents 
flowing in each coil (assuming coils d,, d,, q,, and a to have unit turns) 


? 


dq d& @ ag << 


, 


Pad ais gas’ 
gar ae gar’ 
ee 
8 sf 
ema C= 17.3 
a2 = gas’ 
ee a gost _ qo’ 
oe =n” 
it = —nA* 


In many rotating-machine problems the primitive system is so obvi- 
ous that it is not necessary to make a special drawing such as Fig. 
17.50. 


Rotation of the Rotor Reference Frame 


(a) There is one procedure that is performed with the coils of the 
primitive machine, but not performed with the coils of the primitive 
stationary network, and that is the rotation of the coils in space, or 
rather the rotation of the brushes in space. (In stationary networks 
the spatial position of the coils was not considered.) 

The following analysis is valid in commutator machines only approx- 
imately, as the current-density and flux-density waves are assumed to 
be either sinusoidal or at least replaceable by a sinusoidal wave for each 
position of the brush set. In the latter case all angles are not true, but 
equivalent angles. 

(b) Let a cross section of a rotor layer of winding be taken, Fig. 17.6a, 
and let it be assumed that at a certain instant the current vector iis at 
the position shown. If the machine is the primitive machine, i is pro- 
jected along the d and q axes to give 7? and 7? (Fig. 17.60). 

In many actual machines the two sets of brushes m and n are at a 
constant angle a from d and q; hence in them i is projected along m and 
nas?” and. That is (Fig. 17.6c), 


1. The old projections of i are 2 and 72. 
2. The new projections of i are 7” and 7”. 
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(c) The problem is to express the old components 7” and 7” in terms 
of the new components 2” and 2”. 
From Fig. 17.6d it is evident that 


4 — 7" cos a—?” sina 


OA=OE-—OF 
OB =0G+ 0H 


COS @ —sin a 


| 17.4 


q2=1" sin a+2” cosa 


+ 
+ a a 
(a) Current (b) Old (c) New (d) Old projections 
vector. projections. projections. in terms of new. 


Fic. 17.6. Projecting the current vector i upon two sets of reference frames at an 
angle a. 


The coefficients of the new currents give C that changes the current 
components from d and q to m and n but leaves the current vector i 
itself invariant (unchanged). 


Special Cases 
With one set of brushes m on the rotor (Fig. 17.7) 2” = 0 and 


m 
a = i™ cosa dl cosa 
Gs 17.5 
a= 7" sina q]}] sina | 
= 
(a) 
Fic. 17.7. One set of brushes i = 7”. Fic. 17.8. Brushes shifted at different 


angles, i = 7” + 7”, 


When one of the sets of brushes is shifted by an angle a, the other by 
an angle B (Fig. 17.8), then 
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f= i™cosa — 7” sin B 


a@=7" sina +7” cos 8B 


When the angle of the set of brush (the reference axis) is not a con- 
stant a but a function of time @, the C is the same as above except that 


a is replaced by @. 
With four sets of brushes on a layer of winding (Fig. 17.9) it will be 


= 


(a) 
Fic. 17.9. Four sets of brushes on a layeri = (i” + i”) + (2? + 7). 


assumed that the resultant current iis the sum of the currents flowing 
through the four sets. Hence 


cosa | —sin a! cos 8 
17.7 


sin « cosa@|{ sin B 


Establishing C in Several Steps 


When the brushes are rotated and interconnected with other coils, it 
is better to perform the transformation in two steps. First, the brushes 


e 


Fic. 17.10. Leblanc Fic. 17.11. Shifting the brushes 
advancer. by an angle a. 


are rotated by Ci, then interconnected by Co. The product C;-Cz» per- 
forms both operations at the same time. With other complications 
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(such as different turn ratios) additional C’s may be established. For 
instance, let C for the Leblanc advancer (Fig. 17.10) be developed in 


three steps: 
1. Changing the turn ratios. 


ges os ate 
4ar ae qar 
c= 
“ar mx git 1 17.8 
i = ai® 


gas mee 428 


i” = i™cosa — i” sing 
wv = 74" sina + 2” cosa 


4u8 rege q2 


3. Interconnecting coils. 


ds _. ~ds 

~~ =—7 d, 

i = qe : 
C = C,-Co-Cz = 

tt <a -4e qr 

qU = 74 qs 


The resultant C is Ci *Co°-Cs. 


Rotation of the Stator Reference Frame 


(a) It should be noted that, while a rotor layer of winding is assumed 
to be symmetrical around the circumference, on the siator the d winding 
(the d component of the layer) has different constants from the q 
winding. Hence, when the stator windings are shifted at an angle a, 
the rotor transformations have to be modified. 
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A stator winding m shifted at an angle a (Fig. 17.12) has to be con- 
sidered to lie on a separate layer from the other windings, and it has to be 
derived from a primitive machine having an extra stator layer with a 
d and a q winding. 


17.11 
Fic. 17.12. Stator coil at an angle. Fic. 17.13. Shaded-pole motor. 
For instance, C of a shaded pole motor is (Fig. 17.13) 
dso m di Qn 

yas2 as gas 
i) = 7” cos a 
qari qari 17.12 
qarl a a7} 


(>) If the stator has a winding with the same constants along the d 
and q axes (as in a polyphase induction motor or alternator), then the 
reference frame on such a winding may be shifted in exactly the same 
way as on the rotor. 


The Unit Transformation Tensor 


() Many standard machines are identical with the primitive ma- 
chine, containing various numbers of layers with various numbers of 
axes. For such machines the transformation tensor consists of the unit 
tensor having different numbers of axes, as shown in Table VI. Of 
course in such machines Z’ is not found by C,+Z-C but is simply picked 


out of Z of the primitive machine (Table V) by removing various rows 
and columns. 
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TABLE VI 


RotaTING MACHINES WITH UNIT (OR DIAGONAL) TRANSFORMATION MATRIX 
d, a, 


ott 


O-G Shunt Motor 


Alternator with Amortisseur 
in Both Axes 


Double Squirrel Cage 
Induction Motor 


142 TRANSFORMATION TENSOR 


For instance, for the single-phase induction motor (Fig. 17.14) Z’ is 
found by simply removing the row and column of q, from Z of the 
simpler primitive machine, equation 16.10. 

de d, qr 


t %, + Lep Mp 0 : 
Z=d,| Mp tr + Lop Lrp@ | 17.13 


— Mp6 —L,pé tr+ Lip ' 


For the double squirrel-cage induction motor (under unbalanced op- 
eration, say a sudden short circuit on one of the stator phases), Z is 


dsife> 


Fic. 17.14. Single- 


phase induction 
motor. 


given in equations 16.30. (For balanced polyphase operation this Z is 
simplified as will be shown presently.) 

(b) In some cases, such as the split-phase induction motor (Table 
VI-5), the unit tensor has to be multiplied by a turn-ratio tensor. That 
is, the diagonal units are replaced by constants. 

A capacitor motor is the same as the split-phase (or asymmetrical) 
induction motor with a condenser 1/pC in series with axis q, that, of 
course, is simply added to L,.p (without the intermediary step of 
C.-Z-C). 


CHAPTER 18 
PERFORMANCE CALCULATIONS 


Calculation of the Currents 


(2) In most machines the interconnection of coils has such a simple 
form that the e’ vector of the given network can be written down immedi- 
ately without the intermediary step of e’ = C;-e. 

(b) The form of Z’ depends on the components of the impressed volt- 
age. The components of e’ may in general assume three different 
forms: 

1. In sudden short circuits they contain the Heaviside unit func- 
tion 1. 

The Z’ calculated by C;-Z-C is used without any change. In all 
machines with stationary reference axes Z' is nota function of @and Y’ = 
Z'— can be solved with the aid of the expansion theorem without any further 
operational transformation (such as shifting). That is, with the present 
method of attack the sudden short-circuit calculation of all rotating 
machines with stationary axes (if their speed @ is maintained constant) 
is reduced to the simplicity of analysis of stationary networks with 
lumped resistances and inductances. 

2. In a-c. steady state the components of e’ contain complex numbers. 

In that case all p in Z’ become jw, where w is the frequency of the im- 
pressed voltage. Hence: 

(a) All induced voltage terms become 


PL =jolL, =jX, and pM = joM =jXm 18.1 
(0) In all generated voltage terms, p§ becomes vw, where v = (actual 
r.p.m.)/(syn. r.p.m.) and 


PoL.eg = vol, =vX, and peOM = vwM = vXy, 18.2 
3. With d-c impressed voltages, the components of e’ are constant 
and p = 0. 


The currents in all cases are found byi’ = Z’—?-e’. 


Calculation of Torque 

(a) The torque tensor G' may be established quickly by simply consider- 
ing those components of Z' that contain p§. In case of doubt G’ is estab- 
lished from G of the primitive machine by C;-G-C. 
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(b) Once i’ and G’ have been calculated, then: 
1. In sudden short-circuit or d-c. calculations the instantaneous 


torque is 
f=i-Gei’ 18.3 


2. In a-c. steady-state calculations the steady component of the 
torque is from f = i*-B (in analogy with the definition of P = i*-e), 


f = real part of i*-Gw-i 18.4 


The oscillating component is found if each component of i is substi- 
tuted not as a complex number 2, + jz but as an instantaneous value 
4/2(i, sin wt + i2 cos wi). The resulting expression will contain both 
steady and oscillating components. 

w is introduced to express the torque in synchronous watts. The 
total torque is changed from synchronous watts Zs» to pound-feet 
Tps by 
_ Tso X 33,000(number of poles) 


1 >of = : 
pl In(2 X 60 X frequency) 746 re 


Example of a Repulsion Motor 


(2) As an example let the transient and steady-state equations of the 
repulsion motor (Fig. 18.1) be established. The transformation tensor 
is 


18.6 


S. 
| 


(2) Repulsion motor. (5) Its primitive. 
Fic. 18.1. 


The Z of the primitive machine is (because of the smooth air gap Lg, 
= Lor = L,, etc.) 
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d; d, qr d. a 


ds lr, + Lp Mp 0 ds |7s + Lsh My COS & : 
Z=d,| Mp |rst+Lsp| Lid? |Z-C=d,| Mp |(r, + L-P) cosa + L,sin a pél 
qr| ~ Mpe| —Lrp 4 Irp + Led) qr 


—Mpé|—L, cosa pO + (try + Lr) sin af 


d; tT, + Lisp AM cos & Dp 
CeZ-C = 22 = 
a | M(cosa p ~ sina pé) | +L, 


18.7 


The torque tensor is found by taking the coefficients of all p9. 
(b) Let a unit function be impressed on the stator (that is, let the 
stator be suddenly short-circuited). Then 


d, a 


de | da | (te + Lnp)/D = \Micosah/D 
a | ~M(cosa p — sina p6)/D| (r + L,p)/D 


18.8 


where 
D = (L,Ly — M? cos* a)p? + (7,L, + 7sLy + M? sin acos a pO) p + rep 


If the determinant is equated to zero, self-excited currents flow with- 
out the presence of an e.m.f. when the coefficient of the term becomes 
zero. That may occur when a becomes sufficiently negative, so that 


trls + 7sL, = M? sin «cos a p6 


With an applied e.m.f. 


tat ope M(sin a p9— cosa pel} _ | sae | ja | 18.9 


D 


Since a and #6 are constant, the currents can be solved by the expan- 
sion theorem. 
Once the currents 7 and 7* have been found, then the instantaneous 
torque is 
fz=i-G i’ = —Msinai® 18.10 
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(c) When an a-c. terminal voltage is applied on the stator, then, 
replacing p by jw and $8 by ww, 
d; a 


te + jXs Xn COS & 


| Xm(j cosa —~vsina) | tf, +X, 
| | | : 


(te + 4X,)/D ee a coea | er 
| Xn(sin av —jcose)/D | (rs +jXs)/D | 
where 
D = (ryt, + X72, cos? a — X,X1) + flrpXs + rsX_ + 0X2, sin a cos a). 
d, a 
ee aere | (rp + 7Xr)e | Xm(sin a io COs ae | is jas qe 18.12 
By i*-wG-i, the torque is the real part of 
; were a 
fq Annee t icose) (ae 


D 


or the torque in synchronous watts is 


f= e*X*, sina (X,cosa — 7, sin av) 
(tte + X?, cos? — XX)? + (7,Xs+7.X, + X%, sina cosav)? 
18.14 


It should be noted that no rationalization is necessary as D*D is a 
real number. 


Sign Convention of Central-Station Engineers 


(2) The sign convention of synchronous-machine engineers differs 
from that of induction-motor engineers in the following respect: 

1, The salient pole rotates instead of the armature; hence ~é has 
opposite sign. 

2. Not the impressed voltage equation e = Z-i is written but the 
generated voltage equation 


eg = Zi or —e = —Z>i 18.15 


Z, of the primitive machine is given in Table V. 
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It is well to remember that: 


(a) The right-hand side of the equation, Z,-i, represents all inter- 
nal generated voltages of the machine in question. 

(6) The left-hand side of the equation, e,, represents all voltages 
generated external to the machine in question. That is, e, = Z,-i 
represents the relation: 


External generated voltages = Internal generated voltages 


3. The symbols e and E represent not impressed voltages but gener- 
ated voltages, so that the components of e, have positive signs (thereby 
those of e negative signs) as 


ds da da oy dry da de 
18.16 


— — Eg = —FE | —€d 


Hence the signs on both sides of their equations are the opposite of those of 
the equations as they would have been written by induction-motor en- 
gineers. 

4. The equations are written for the synchronous generator and not 
for the synchronous motor. 

(b) In addition to the sign convention, the symbolisms of the engi- 
neers also differ. In particular, whereas induction-motor engineers use 
ohms and henries, synchronous-motor engineers use a per unit system. 

In that system the unit of time is not the second but the time it takes 
for the field to describe 1 radian. This unit is 1/2zf part of the second; 
correspondingly all values of Z in henries are multiplied by 2xf. Be- 
cause of the numerical identity of L and X, in the per unit system induct- 
ances are denoted by X instead of L. 


e, Due to Infinite Bus 


Since the armature axes d, and q, of a synchronous machine rotate, 
the armature components of e,, namely eg and e, (equation 18.16), do 
not remain consiant as the load on the synchronous machine varies. The 
values of eg and e, depend on the system to which the machine is con- 
nected. 

As one of the many possibilities, let an alternator (synchronous gen- 
erator) be connected to an infinite bus. An infinite bus may be con- 
sidered an alternator whose armature impedance r,, Lar, Lar tS Zero. 

It will be assumed that the field of the alternator Jeads the field of the 
bus by angle 6 = 6; — 6. 
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From Fig. 18.2 the total internal generated voltage in the armature 
of the bus is e = —2/Mpé@ and is due solely to its constant field excita- 
tion —i/ (as its r and Z are assumed to be zero). Since eg contains al] 


(a) Alternator. (6) Infinite bus. 


Fic. 18.2. Synchronous machine connected to infinite bus. 


generated voltages that exist outside the given alternator, e¢g = e€ sin 4, also 
€y = e cos 6; hence 
dy da Ga ay 


eg =| E | esiné | ecosd | 0 18.17 


All three components are constant. At no load 6 = 0, and as the load 
on the alternator increases, 6 increases. When the generator becomes a 
motor, § becomes negative. 

Since £ along the field d; is an external generated voltage, the current 
due to it, hence its field flux, is also negative, as shown in Fig. 18.2. 


EXERCISES 


1. Find C of the machines of Fig. 18.3. 


2. Find the transient Z’ of the ampli- 
dyne. Find i” and 7”. What is its 
torque in terms of 7” and 72”? 

3. What are the Z and G tensors of 
the synchronous machine with no amor- 
tisseur winding? 

4. Find the transient and steady- 
state Z’ and G’ of the repulsion motor 
, in problem 1. 

(2) Repulsion motor. (b) Amplidyne. _ > ff the stator of the above repul- 

Fic. 18.3. sion motor is suddenly short-circuited 

(with p@ remaining constant), what 

are the transient currents i’ in the stator and rotor? What is the instantaneous 
torque? 


CHAPTER 19 
TRANSIENT STABILITY OF REGULATING DEVICES 


Small Changes in Currents 


(a) Interconnected rotating machines and stationary networks (in 
conjunction with mechanical devices) are used also in follow-up mech- 
anisms and regulators where they are called upon to bring some dis- 
turbed system back into equilibrium. During this corrective period a 
small change of current Ai is superimposed upon a steady-state value. 
But, as long as the speed of the rotating machines remains substantially 
constant, the equation of the corrective device can be written during the 
change as 

Ae = Z-Ai 19.1 


where Z is calculated as shown hitherto. In such systems the deter- 
minant of the transient Z (containing ») may be investigated by 
Routh’s criterion (to be shown presently) to find out whether the sys- 
tem is stable or unstable during the disturbance. 

(>) When a regulator is used, the given system is divided into at least 
two parts: (1) the regulating device; (2) the system to be regulated. 
The Z of each of these may be established independently of the other’s 
presence, then recombined into a resultant system. 


Amplidyne Voltage Regulator 


(a) Let Z of the voltage regulator of Fig. 19.1¢ be established, whose 
terminals A—B are connected to the armature of an alternator (through 
a rectifier) and terminals C—D are connected to the field of the same 
alternator. 

The voltage-regulating device consists of an exciter whose field is in- 
fluenced by an amplidyne controlled through the winding 2. (This is 
only an idealized representation of the actual control.) A transformer 
acts as a stabilizer. 

(>) The resultant regulator is divided into its component parts, the 
“primitive system,’’ shown in Fig. 19.15. The Z of the primitive sys- 


tem is 
1A0 
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19.2 


where 


19.3 


i’p + Lop (M/n)p 
(M/n)p | (re + Lep)/n? 


Stabilizer 


Amplidyne 


(2) Resultant system. (6) Primitive system. 


Fic. 19.1. Amplidyne voltage regulator. 


All induced voltages (p terms) of the amplidyne may be neglected in 
many applications, similarly r, and L, of the exciter armature. 

The stabilizer constants rp, Lp, and M are calculated on the primary 
side, the latter having n times the secondary turns. That is, with the 
use of the turn-ratio tensor N, Z. = N;-Z5-N, where 
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19.4 


f 2 3 q c p 


(d) The resultant system is by 
Cee ZeO = Cyp-Z1°Cy + Cos-Zo Co + Caz2Z3°C3z = 


Te Ls 
a Pe (M/n)p | 19.6 


— Mop — Msp, Yq (La — Mi) par 


—LepA |n + ra + re + Leh : 
(M/n)p — Mach 43 tp + Lop | 


f 2 3 q c p 


e’ = | Aer | pA 


The stability of the system may be investigated by equating the de- 
terminant of Z to zero. Routh’s (or other) criterion may be used for 
such studies. 
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Routh’s Criterion 
If the determinant of any transient Z is equated to zero, it can be ar- 
ranged in descending powers of p as 
asp” + asp* + a3p° + ap? + a:p' + ao = 0 19.7 


where the a’s are veal numbers. 
The steps in determining the stability of the system are as follows: 


1. Write down the coefficients im patrs as 


y= 19.8 


2. Form the following products with the aid of the first column and 
each of the other columns. 


by = 403 — A502 | by = 401 — A540 


(as many such products as there are extra columns besides the first). 
Now three rows of coefficients are available. 


Oo, a3 4G, 
04 92 90 19.9 


3. Considering the last two rows only, the previous product formation 
iS repeated. b3 = bydg — ads | b, = bido 19.10 


4, Considering again only the last two rows, the product formation is 
repeated until no more products can be formed from the last two rows. 

Now, zf all the coefficients ‘‘a’’ or ‘‘b”’ are positive, the system ts stable. 
If one of the coefficrents 1s negative, the system is unstable. An unstable 
condition indicates that, if an oscillation starts for any cause, it will not 
damp out but will increase in magnitude. 

Usually one of the design constants is assumed to be variable and its 
limiting value is sought, which changes a stable system into an unstable 
one, or vice versa. 


Time Constants and Amplification Factors 


(a) In the transient-stability studies of control systems it is prefera- 
ble to replace r and L by other types of constants, called ‘‘time con- 
stants,” JT = L/r, and ‘‘amplification factors,’ » = Lpé/r. For that 
purpose, in the equation of voltage 


e=Ri+tLpit poGei 19.11 


let ibe replaced by R-i. That is, let the resistance drops R-i be the vari- 
ables, instead of the currents i. Since multiplication by the unit tensor 
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1 = R?-R does not change the value of a tensor, equation 19.11 may 
be written as 


e = R-(R7?-R)-i+ Lp-(R71-R)-i + p6G-(R7-R)-i 
e= (I+L-R“‘p+ p0G-R™")-R:i 
Let L-R7! = T = time constant tensor 19.12 
poG-R7? 


= amplification tensor 19.13 
Then the equation of voltage may be written in terms of them as 
e= (1+ Tp + p)-R:i 19.14 


(b) Since R and R™ are in general diagonal tensors, multiplication 
with R— is equivalent to dividing each column of Z by the resistance in the 
diagonal term. For instance, for equation 19.6, 


f 2 3 q Cc p 


19.15 


where 73 = % + 7./n? andr, = 7, +7 + 7. Introducing yp and T, 


Cc Pp 


19.16 
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Since the row and column of q contains no T, it can be eliminated, 
thereby decreasing the number of y’s necessary to define the system. 


Overall Amplification Factor 


(a) If the last four rows and columns (on which no voltages are im- 
pressed) are eliminated by Z’ = Z; — Z2°Za4_'+Za, the remaining 
terms can be written as 

Aer = — Lo Aéa 19.17 


where po is a function of Tp and pw. The equation shows how much a 
change Ae, (impressed on the control field) is amplified by the time it 
passes through the regulator, and it also shows how much it is delayed 
during the passage. (An ideal regulator approaches infinite amplifica- 
tion and zero time delay.) 

Eliminating the last four rows and rearranging, uo may be expressed 
in the form 


Ma 


Ae; So are Lea 19.18 


T 
i+ Tp +t Mp lbp 


(1 + Tep)(i Tap) =. TT ;p? 


(b) By various simplifying assumptions the degree of yo in p may be 
decreased. For instance, if the leakage inductance of the stabilizer (and 
all inductances in series with them) is neglected, then in the denomina- 
tor 


and the degree of uo in p decreases by 1. 
(c) In the general case when the regulator is connected at several 
points to the system to be regulated, equation 19.17 is written as 


Aey = je: Aez | Aeg = n@ Ae, 19.20 


where » = yu’ is the overall amplification tensor representing the rela- 
tion between the output and input voltages. (The previous p ex- 
pressed the amplification of each stage of the regulator.) 

In an amplifier the components of 1 are positive; in a regulator they 
are negative. 
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EXERCISES 


1. Assume a shunt field along the short-circuited axis of the amplidyne voltage 
regulator, Fig. 19.2. Find Z of the whole system, G of the amplidyne, and the torque 
i-G-i in terms of the currents i. 


| =P bes 


Fic. 19.2. Amplidyne voltage regulator. 


2. Find the T and »# tensors. 
3. What is the overall amplification factor of the system? 


CHAPTER 20 
ELIMINATION OF AXES 


Calculation of Z’ and e’ 


(2) Hitherto Z, e, andi hac as many axes as the actual machine. In 
many machine problems (just as in stationary networks) attention is 
restricted to a few axes only. For instance, in a synchronous machine 
the phenomena, as viewed from the armature, are of primary impor- 
tance; hence the field axes dy and q; may often be eliminated. 

The elimination of axes is performed with exactly the same formulas 
as used before. If the axes of eg and ig (or e; and i;,) are eliminated, 
then 

1. Z of the remaining axes is 


Z, = Z; — Zo-Z7!+Z3 | Zo = Ze — ZgeZj Ze 20.1 
2. e of the remaining axes is 
ey = €; — Zg:Zz'-es | eb = 2g — Zg-Zj ey 20.2 


so that the equation of voltage of the remaining axes is 
e, = Ziyi, | eb = ZQ-i, 20.3 


3. When the current in the remaining axes has been found and later 
on the currents in the eliminated axes ig are wanted for some reason, 
they are found by 


ip = Zz'+(e2 — Zsrix) | ip = Zy*-(e1 — Zerie) 20.4 


(b) In rotating machines it is often advantageous to place the term 
containing the eliminated voltages, namely, —Z3-Zj'-e; = —g1°e1, 
not on the left-hand side but on the right-hand side of equation 20.3. 
Then the eliminated voltages are considered not part of a new im- 
pressed voltage e, but part of the new internal voltage Z4+ip, so that 
the new equations are written (in place of 20.3) 


ey = Zirh, + goreo | eg = Zorig + gi-ey 20.5 
where 
G2 = Zo:Zz' | g1 = Z3-Zz! 20.6 
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That is, the eliminated terminal voltages are assumed to influence 
the values of R, L, and G (or ¢ and B) of the machine but not the 
terminal voltage e of the remaining axes. 

When some of the axes have been eliminated, the allowable transforma- 
tions on the new system become restricted. In particular no new axes can 
be introduced that have a different velocity from the remaining axes. 
On the other hand, the remaining axes can be interconnected with other 
machines or can be shifted by a constant angle 6. 


Calculation of G’ and B’ 


In rotating machines the question often arises, how to calculate the 
torque if some of the currents have been eliminated. 

Only two special cases will be considered. 

1. All stator (or field) currents i, are eliminated. This special case is 
important in synchronous-machine studies. 

2. All rotor (or armature) currents ip are eliminated. This special 
case is important in induction-machine studies. 

For this study the torque equation can be expressed as 


f = ig -B = ig -Gei = if Garis + ip -Garin 20.7 
1. When the stator (or field) current i; is eliminated, its value is 
iy = Zy*+(e, — Zprie) 
Substituting into the torque equation 
f = if -(G4 — Gg-Zy'+Ze)-ig + 17 -GgeZy*+e1 20.8 
The expression G4 — Gg-Zj'+Zs includes only those terms of the 


new Z’ that contain $6, and G3-Zj;' includes only those terms of g that 
contain p@. 

Hence the new flux B’ after elimination is again represented by the pé 
terms of the new equation Z,-i, — e, = 0 (just as before elimination). 
The torque is found now by i’ -B’ and not by i’ -g’-i' since equation 20.8 


cannot be so expressed. 
2. When the rotor (or armature) current ig is eliminated its value is 


ig = Zz'+(€g — Zgri) = Zz eg — Ariz 
where A = Zr'-Z, S60 
Substituting into the torque equation 
f = (e¢ Za" — F-AN|Gs-i: + G4: (Zz!+e. — Asis} 20.10 


This is the general formula for the calculation of torque. 
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Let the following special case that often occurs in induction motor 
studies be considered. 


(a2) The rotor has no impressed voltage, €o = 0. 
(b) The machine is smooth if -G4-ip = 0. 


Then 
f= -i[-AP-Gs-in 20.11 
That is, the new torque tensor 1s found from the old torque tensor by 
G’ = —A/-Gs = ~—(Zz1+Z3)/ -Gs 20.12 


Elimination of Field Axes of Alternators 


(a) Let the Z, and e, tensors of an alternator with amortisseur wind- 
ings k in both axes be given (equation 16.31). In order to eliminate the 
field (f) and amortisseur (Rk) axes d,, dz, and q;, let the order of the axes 
be changed to 


dy dy 


dy |—77 —Lyp| —Myxp 
di | —Myxp |—rea — Liab 


Zz =k —Tkq — Ligh = 
do | —Myap — Mrap Migp? 


da | —Myap@ | —Myapé ~ Mrob 
’ 20.13 


a] £ 
rn 
e=a| |= a 20.14 
da | éa | 
da} & 


(Since the zero-sequence quantities remain unchanged throughout the 
following analysis, their equation is left out.) 
After elimination the equations become 


da da 


de Lgl) pe 
Zi = Ly — Z5+Zz'+Ze = : 


=Z 20.15 
do | —Lals)p9 | —r — Lo(p)p | 
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i BO Ty pg aera je — Clp)PE 
@y = & 3°Zq ey | 20.16 
= €2 — §1°@1 | &q — G(p)peE | 
where * 
EG) i= BP? (LraM§; — 2MiaM jxM ja + Ly Mia) + pr M32 + rea M1?) 
b?(LyLna — Mj.) + b(teaLly + 1pLna) + that z 
Migb 
se ale nO sai 
Gp) = b(LraM ya — MyrMua) + tra ya 


£7 (Lyla — Mi.) + P(tealey + 7ryLna) + teats 


Hence considering the armature axes only, their Z tensor (also R, 
L, and G) have exactly the same form afier elumination of the field axes as 
before elimination, except that the open-circutt inductances Lag and Lg are 
now replaced by shori-circutt (or “operational” or ‘‘transtent’’) induct- 
ances La(p) and L,(p). 

When each of the field axes has several windings on it, the above 
statement is still valid and La(p) and L,(p) are the short-circuit imped- 
ances of the armature when looking toward 
the field. The direct and quadrature axes 
of the field then appear as stationary net- 
works with several meshes. 

(6b) In design practice it is usually as- 
sumed that the three mutual inductances 
of the field, amortisseur, and armature 
are the same in the direct axis, that is 
Mya = Mra = M yz all denoted by xeq. In 
that case xqg(p) and x,(p) may be calcu- 
lated from the equivalent circuits of Fig. 
20.1 (where x; is the armature, x; the 
field, and xzg the amortisseur leakage in- 
ductance). 

G(p) is found by impressing £ in series with xs and calculating the 
difference of potential E’ across xag. Then since G(p)pE = E’, there- 
fore G(p) = E'/pE. 

(c) Since by the sign convention of a synchronous machine 


e=R-i+ pp + B(—p8) or eg = —e = —Ri — pp — B(—$8) 
20.18 


* Crary and Waring, ‘The Operational Impedances of a Synchronous Machine,” 
General Electric Review, Vol. 35, November, 1932, p. 578. 


(6) Quadrature axis. 


Fic. 20.1. Calculation of 
xa(p) = L’gand xg(p) = L’g 
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the new flux-density vector B is found as the coefficients of $0 in the 
equation Z,-i — e, = 0, while the new flux-linkage vector ¢ is found 
as the coefficients of all — terms. 


La(p)2? | La(p)i# — G)E 


——_——__—— 20.19 
| ~La(p)i# + GPE Lq(b)1? 


The torque is by i-B (it cannot be expressed now as i-G-i). 
f =i-B = 12%[Z,(p) — La(p)] + ®G)E 20.20 


This is the torque exerted upon the armature (stationary member) 
by the currents and fluxes; hence it is the negative of the electromag- 
netic torque on the field. The expression is also equal to the impressed 
mechanical torque driving the field (rotating member), if the inertial force 
is ignored. 


The Per Unit System of Central-Station Engineers * 


(a) Central-station engineers denote the short-circuit inductances 
(since time is measured in radians) as 


La(p) = xa(p) r+ Lalb)p = Za(p) 
Lilp) = x_(p) r+ Ly(p)p = Z9(p) 


and call them “‘transient”’ or “operational’’ impedances. Hence in per 
unit notation Z, and e, (equations 20.15 and 20.16) are written as 


d q 


20.21 


—Za(b) | %q(b)p8 ea — G(p)pE 


20.22 


—xa(p)p0 | — 29(p) eg — Gb) DoE | 


so that the equations eg = Z,-i (or rather eg = gi-e; + Zorig) are 
written as 


ég = G(p)pE — 2q(p)tg + Zo(p) Pb tg 20.23 
g = G(p) pee — xa(p) pb tg — Zq(p) tq 
C9 = —Zolo 


where the right-hand side of the equation contains all internal gener- 
ated voltages and the left-hand side all external generated voltages. 


* Park, “Two-Reaction Theory of Synchronous Machines,” Trans. A.I.E.E., 
April, 1929. 
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(b) The new flux linkage (the coefficients of all —p) and the new 
flux density (the coefficients of all p@) are 


xa(p)ta — G(P)E 
Xo(Pitq 


Xq(p)tq 
—xalp)ia + G(p)E 


The torque driving the field is 
T=f =i-B = ig,[xq(p) — xa(p)] + EG(P)E 20.24 


1aBa + IqgBq = tag — Igha 


I 


I 


No Amortisseur Windings 


Central-station engineers prefer to express G(p), La(p), and L,(p) 
in terms of the field time constant 7) = La;/rgs. For instance, in the 
absence of amortisseur windings 


Ma Ma/t ta Xaa/V fa 
G = Ch 20.25 
2) tra tLyp 1+ Lya/rrap 1+ Top 
Mip rrala + Lyap(La — M3/L ya) 
xa(p) a(P) d ee ee ie ee 
_ La + (Lya/rja)p(La — M3/Lya) _ Lat Topla 
1+ Lya/rra)p 1+ Top 
xaT op + 1 
= 20.26 
Cop + 1 
where 
xq = Lg — M%3/Lyg = short-circuit inductance 20.27 


ifv77g =O (orp = ~). 

In the absence of amortisseurs it is also convenient to call E not the 
actual field terminal voltage E;g but the armature generated voltage 
itxqq. That is, 

fa 1 


E 
Si os Epdiae CO Se 
pe ns CE Gag 


With no amortisseur xq(p) = Xp. 
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esin 6 


lecos8 = EI 


d | 
Y=Zyi= 20.34 


esin 6 xg — r(ecos 6 ~ £)|/D 


where D = r2 + xgX,. The mechanical torque driving the field (or the 
electromagnetic torque on the armature) is 


T =f =i-B = igig(x, — %) + Ey 20.35 


(b) It should be remembered that 7* and 7 are hypothetical currents 
(constant in value during steady state) and may be assumed to exist in- 
side the armature as measured by an observer who rotates with the field 
poles. The actual armature currents flowing out of the stationary ter- 
minals are sinusoidal currents 7? and 7° that may be found from 7% and 
i? by a simple transformation to be shown in equation 27.14. 

The reason for finding 2? and 7? first is that the equations for them are 
simple, while those that contain z* and 7° are more involved. 


Synchronous Machine Running below Synchronism 


When a synchronous machine is connected to an infinite bus, Fig. 
18.2, but runs below synchronism at a speed of $6 = vw (or at a slip of 
s = 1-—v), then 6 = swi. When the field excitation is removed, all 
currents are of slip frequency, in Z of equation 20.22 all p become jsw 
and all 6 become ww. If, in equation 18.17, esin swt = é = e/+/2 and 
€ cos swt = — 7é, then 


V%X_ (Js) 


—vxa(js} | —r—jsxg(js) 


xq(js) and x,(js) are calculated from the equivalent circuit of Fig. 20.1, 
where # is replaced by js, each resistance becomes —jr/s so that xa(js) 
has the form a — jb. For every slip a different resistance value exists. 

The currents are found by i = Z7'-e,, and the constant torque by 
the real part of i*-wG-i. 


fc = Real of #*xq(js)a" — i?*xa(js)4” 20.37 
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The oscillating torques are found by substituting for i the instanta- 
neous values 7 = +/2 (i; sin swt + zg cos swt) instead of complex numbers. 

When the amortisseur winding is absent, the equations represent 
(assuming smooth air gap) a two-phase induction motor running witha 
single-phase rotor (Fig. 20.2). = 


Sm 


Fic. 20.2. Two-phase induction motor with single-phase rotor. 


The Interconnection of Synchronous Machines * 


(2) The concept of ‘interconnection of axes’’ implies the intercon- 
nection of physical axes, such as brushes, slip rings, stator windings, 
etc. When the axes are hypothetical, such as the d, and qq axes of syn- 
chronous machine armatures, their interconnection involves two steps: 

1. The actually existing axes a and b of the armature are intercon- 
nected by a C. 

2. The a and b axes of C are transformed into the hypothetical axes 
d and q by equation 6.11 so that a new C’ represents the interconnection 
of the hypothetical axes. 

(6) When two interconnected synchronous machines (Fig. 20.3) run 
at the same speed with the rotor of the second machine lagging behind 


§ 42 
q! 
Fic. 20.3. The interconnection of hypo- Fic. 20.4. Rotating the 


thetical axes. reference frame by a 
constant angle 6. 


i q, 


that of the first by an angle 6 (the value of 6 depending on the load) the 
hypothetical axes d and q may be interconnected in one step by noting 
that the resultant current vectors iin the armatures of both machines are 
equal and have the same direction in space at each instant. Hence tf in the 
second machine new reference axes d’ and q' are introduced parallel to 
those of the first machine d, and qy, then the components of i are equal 
along the reference axes and the latier can be connected in series. 


* Doherty and Nickle, “Synchronous Machines, II,” Trans. A.I.E.E., 1926. 
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The transformation tensor rotating the reference axes dg and qe of 
Fig. 20.4 to d’ and q’ by an angle 6 (the same as in brush rotation, 


equation 17.4) is 


20.38 


da’ q’ 


|—r — [xa(p) cos? 6 + x_(p) sin? d]p +] [x9(p) cos? 6 + xa(p) sin? 8] pe + 


- ¢ + [xg(p) — xa(p)]p4 sin 6 cos 6 + [xa(p) — %9(p)] sin 6 cos sp | 
ae ee [xa(p) cos? 6 + x9(p) sin? 8]pe + | — 1 — [xe(p) cos? & + xg(p) sin?6]p +H 


+ [xa(p) — Xg(p)] sin é6cos 6p| + [xa(p) — xe(p)]pe@ sin 5 cos 6 


20.39 


éy ~ [cos 8 p — sin 6 pelG(p)E 


e+ [sin 6 — cos 6 pa|G(p)E 


The coefficients of the p§ terms of (Z’+i’ — e,) give B’. 
(c) The transformation tensor that interconnects the hypothetical 
axes of two synchronous machines is 


gat ans gal 
qa) = 42 
; ; 20.40 
qe ze — Gt 
Ld } 
qi =~ 72 


(d) The shifting of axes and the interconnection of two machines 
may be performed in one step as 


20.41 


9 {| —cos 6 sin 6 


G2 | sin 6 | —cos 6 | 
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EXERCISES 


1. Derive the value of xa(p), G(p), xq(p) (equations 20.25-20.27) when no amortis- 
seur winding exists on the synchronous machine. (Start with the original three equa- 
tions and eliminate the field axis.) 

2. Given the steady-state Z and e of two salient-pole synchronous machines, that is, 
Z1, Zz, and e1, €g. What are the resultant Z’ and e’ of the interconnected system when 


Ht 
Cea Ts) 


direct l3s 


Fic. 20.5. 


the second machine lags behind the first machine by angle 6? What is the torque of 
each machine? 

3. The direct and quadrature-axis quantities of a salient-pole synchronous machine 
are given (in per unit) in Fig. 20.5. 


(a) What are xa(p) and x,(p)? 

(6) What are xg(js) and xg(js) for s = 1, 0.75, 0.5, 0.25, 0? 

(c) Ifr = 0.015 and e = 1, find 2%, 22 and the torque at the above slips. 

(d) Find xg and xg. 

(e) If E = 1.1 and e = 1, find the steady-state currents 7? and 7% and the torque 
for 6 = 0°, 30°, 60°, 90°, 120°, 150°, 180°. 

(f) When running at synchronous speed on open circuit, the armature is suddenly 
short-circuited (e¢g = —1). What are the instantaneous currents and torques? 


CHAPTER 21 
THE REVOLVING-FIELD THEORY 


Transformations Necessary to Establish Equivalent Circuits 


(a) The study of rotating machinery and the understanding of their 
physical behavior are facilitated by two artifices: 


1. Locus diagrams. 
2. Equivalent circuits. 


A systematic study of locus diagrams by tensorial concepts has been 
undertaken elsewhere.* The tensorial method of attack offers also a 
powerful aid in establishing a group of stationary networks whose per- 
formance parallels practically any type of standard rotating machine, 
as far as steady-state behavior and small oscillations are concerned. 
Besides facilitating the visualization of physical phenomena taking 
place inside a rotating machine and offering computational help, an 
equivalent circuit also permits the determination of the steady-state 
and hunting performance with the aid of the a-c. network analyzer. 

(6) For any particular machine the equivalent circuit is established 
by finding a transformation matrix C that changes the asymmetrical Z 
into a symmetrical one. Three such transformations may be men- 
tioned here: 


1. The method of symmetrical components. 

2. The rotation of the reference axes by a constant or variable 
angle 6. 

3. Division of an equation of voltage by a quantity. 


Representation of Torque on the Equivalent Circuits 


A rather large number of equivalent circuits possess the disadvantage 
of not indicating the torque. Even those that do show the torque re- 
quire an elaborate derivation to prove the correctness of the represen- 
tation. Makeshift schemes such as subtracting the losses from the 
input have no more value as aids for visualization or computation than 


* A.T.E.M., p. 160. 
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the equations themselves. The tensorial method of attack makes a 
clean sweep of this difficulty. 

As the torque is i-B (where B is the resultant rotor flux density G-i 
and where G contains inductances) by wrtue of G, alsoiand hence G-i = 
B all being tensors, B must appear on any logical equivalent circuit as a 
measurable quantity, in particular as sets of differences of potential E. 
Similarly, the torque 


f=i*-B=i*-E=7*E, +*E, +... 21.1 


must be a quantity to be measured by adding up the indicated watt- 
meter readings. The components of E = B are to be determined by 
tracing out the voltage drops G-i on the equivalent network. 


Forward- and Backward-Revolving Fields 


(a) When on a layer of winding there are two axes at right angles in 
space (say d and q) each containing a-c. currents i? and 7% of the same 
frequency, then each alternating current may be divided into a hypo- 
thetical forward- and a backward-rotating component by the method of 
two-phase symmetrical components (equation 9.11) 


#@=(@+4?)/2 
= ji — 2)/2 


The axes 1 and 2 represent the reference frame of the revolving-field 
theory; the axes d and q represent the reference frame of the cross-field 
theory. Wuih the aid of the above C and its inverse (one such C for each 
layer of winding), the equations of one theory can be converted inio those 
of the other by routine mantpulations. 

In converting the equations of the two theories into each other with 
the aid of C it is important to remember that there should exist as many 
equations as there are physical axis. If some of the axes have already 
been eliminated by Z, — Z.:Zz'+Z3, the two sets of equations cannot 
be transformed into each other by the given C. 

(5) As in stationary networks, the above C is valid only for the primi- 
live machine. If the axes have different numbers of turns or are at an 
angle a or are interconnected with other coils, the above C has to be 
modified either by the steps shown previously or by a method equiva- 
lent to those steps. 
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The use of the above C eliminates certain components of Z (reduces 
Z to a diagonal form) only if r and Z along the d and q axes are the 
same, in particular only if Z has the form 


Such a case occurs in the rotor windings of machines with smooth air 


gap where 
1 2 


t+ (1 — v)jX, 0 
0 te + (1 + v)jxXr 


The real advantage of the use of this C shows up in the calculation 
of torque. 


Two-Phase Induction Motor with Unbalanced Voltages 


(a) Let unbalanced voltages be impressed on the stator of a balanced 
two-phase induction motor. Since its C is the unit tensor (Table Va), 
replacing p by jw and $6 by va, 


d, d, dr Qs 
rs + jX¢ jam 
eo ty + Xr X 7 X mt 
—X mV aah yD tr + jX, jXm 
jXm rs + jXs 


The equations of the cross-field theory are e = Z-i and f = Real of 
1*+wGei, 
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(b) Let revolving axes 1 and 2 be introduced on both stator and 
rotor (Fig. 21.1). 


qas as (gis ot 478) /2 
qa" = (ii* at 427) /2 


i 21.6 
4a" = —ji" sete 2 
que =x —j(4's a aaa ve) 
Fic. 21.1. Forward- and backward-revolving axes. 
By C;'-Z-C and C;-E 
t t 
1, i 2s 2r 
I, 1s + 7X¢ jim 
, 1, | 7Xm(1 — ¥) |e + 7X(1 — 2) 
Z= 3 21.7 
2s ts +jXs jXm 
2r jXm(l +) ite + IX-(1 + 2) 
G’ = 21.8 
1, 1, 2, 2r 
e’ = 3 Cds + jegs €ds —~ Jegs 21.9 


Each revolving field acts as if the other were not present. Note in Z’ 
that no mutuals exist between axes 1 and 2. 
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(c) If in Z and e the row 1, is divided by 1 — » and the row 2, by 
1 + (the currents remain thereby unchanged), 


I, 1, 2s 2r 


l—GXnd® + 7Xn™ 
SS 2111 


j X mt + GX a 


f = Real of i’*-E’ = R(@'*Ey, + 7?"*Eo,) = Wir + Wop 21.12 


As Z is symmetrical, its equivalent circuit may be established as 
shown in Fig. 21.2 (Xs = xs + X,and X, = x, + Xm). The two se- 
quence networks are independent. The torques are measured by twc 


fs jXs j%r 


fs ixs ix, 
Fic. 21.2. Equivalent circuit of an induction motor 
on unbalanced voltages. 


wattmeter readings, representing the difference in the rotor losses of 
the two sequence networks. 

It is customary to leave out the 4% in Z’ and G’ (but not ine’). In 
that case the currents are half of the shown value and fis the torque per 
phase. 
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(d) Since no e.m.f. is impressed on the rotor, the rotor axes 1, and 
2, may be eliminated so that by Z; — Zo:Zz'+Zs 


1, 2s 


Ts + jX¢ + 


21.13 


wheres = 1—vand2—s=i+uv. Also Z, = positive-sequence re- 
actance and Zp = negative-sequence reactance. 


Three-Phase Induction Motor with Unbalanced Voltages 


(a2) Letit be assumed that both stator and rotor of the induction mo- 
tor are three-phase. Then along the d, q, and 0 axes the Z, G, ande 
tensors are the same as those of the two-phase motor, except that in Z 
two additional zero-sequence rows and columns are introduced with 
Zo = 19 + jXo- 


d, d, dr qs 0; 0; 


d; 
d,. | 
Z = q, 
21.14 
ds 


0, 
0, YOr sm j X Or 


The G tensor remains the same as equation 21.5. 
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If the d and q axes are transformed to 1 and 2 (or rather if d, q, and 0 
are transformed to 0, 1, and 2), the C has the same form as before, 


equation 21.6. 


21.15 


(b) If the steps of the previous section are repeated, that is, if Z’, G’, 
and e’ are calculated, the same results are found as before except that 
Z has an additional 0, axis. Leaving out § in Z’ (but not in e’) and 
eliminating also the rotor axes 


21.16 


where Z;, Zo, €1, and é2 are defined in equations 21.13 and 21.9 and 
Zo = Tos + jXos- All constants 7,, X35, Xm, X,, and 7, are for one phase 
(line to neutral). 

The currents are found by i = Z~!-e and the torque per phase by 
the real part of 1*-wG-i. 

(c) When a three-phase induction motor operates under unbalanced 
condition, it is necessary to express its performance in terms of se- 
quence currents, since then the torque calculation is comparatively 
simple (G” has only two non-zero diagonal components). In any other 
reference frame G has nearly nine components. (For additional exam- 
ples see A.T.E.M., p. 59.) 


The Capacitor Motor 


(a) If the cross-phase turns are a times the main phase turns, then C 
has unity in all diagonal components, except a in axis qs, Table VI-S. 
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If an impedance Z is added to axis qs (Fig. 21.3) (Z represents any dis- 
symmetry in the impedances of the two stator windings, also any added 
condenser), Z’ and G’ of the resultant system are 


d; d,- dr Qs d, d, dr | de 


ds |7s + 7X jX m 


21.17 


where Z = R+ jX and (if r, = r,g and x; = Xea) 


R= Ce — reat”) + R, X= (Xsq— Xa”) — Xz 21.19 
so that 
& ¢ 


a? (reat j7X-a) + Z a sq + R, + jXsq a Xe 
) | The equations e’ = Z’+i’ represent the cross-field 
E Zz, theory of the capacitor motor. 
7 - 


(b) In order to introduce revolving fields in 


Fic. 21.3. Capacitor Doth stator and rotor, 2 ds first necessary to change 


otee back the Z’ of the capacitor motor to that of the primi- 

tive machine by Cy' and then only to use the stand- 

ard Cy of the revolving-field theory. Thereby the C changing from the 
cross-field to the revolving-field theory is © = Cy'-Co, where 


21.20 
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Hence the resultant C = Cy'+Cz is 


= (a + 4*)/2 
‘dr iat 4 a7") /2 


4 —_ 
C=C! Co = 
jt = —j(i? — 277) /2 : 
je = —j(a'* — 1”*)/2a | —j/a} j/a 
By Cy:Z-C, etc., 
1, 2. i 2, 


te tiXe+Z/4e2| ~Z/4a? 
—Z/4a* ty +jX—+Z/4a? 


jk m 


| (ea + jeq/a)/2 

(a ~ jeg/a)/2 | 

eae apenas: 21.24 
—(JXmi'® + 5X1") /2 


(j7X mi a gx) /2 


(c) Since in Z’ the reactance Z occurs in each component, both cur- 
rents 7'° and <** must flow through it. Hence the equivalent circuit of 
the capacitor motor is that of Fig. 21.4c. 


& ¢ 
Cm = 
ie Ce 
eq 
(a) 


Fic. 21.4. Equivalent circuit of the capacitor (or split-phase) motor. 


The current flowing through Z/2a” is jai?*. The main phase current 
is i7* = (41° +. 775) /2. The losses in r,/s represent the positive sequence 
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torque per phase and those in 7,(2 — s) the negative sequence torque 


per phase. 
(d) Eliminating the rotor axes 1, and 2,, just as in the unbalanced in- 
duction motor, then multiplying Z’ by 2 (but not e’), the result is 


21.25 


where Z’= Z /2a”, also Z, is the positive-sequence reactance and Zz is 
the negative-sequence reactance defined in equation 21.13. 


eke e7e 
Ts Xs JX 


Fic. 21.5. Equivalent circuit of the single-phase induction motor. 
(e) In special cases this equivalent circuit of the capacitor motor re- 
duces to well-known circuits. In particular: 
1. When Z = Oanda = 1, the equivalent circuit becomes that of the 
balanced induction motor under unbalanced voltages, Fig. 21.2. 
2. When Z = 9, the circuit reduces to that of the standard single- 
phase induction motor, Fig. 21.5. 


CHAPTER 22 
POLYPHASE MACHINES * 


Ignoring Half the Axes 


(a) When the air gap is smooth and the windings along the d and q 
axes are identical, Z and G of the primitive machine are 


d, d, qr qs d. d, Gr qs 


te + Lsp Mp 
Mp |r +L] L.po | Moe 


| —Mpe | —Lrp@ |r, +L,p) Mp 7 
Mp ts + Leaf 


Much labor may be saved in the study of polyphase machines with 
smooth air gap by deriving their equations from that of a “primitive 
polyphase machine” containing only the windings of one of the phases, 
say those of the direct axis. 

(b) Since all phenomena in the quadrature axes are identical to those 
in the direct axes, except that they take place 90 degrees later in time, 
at any instant 77 = —ji7, Hence, for the above primitive machine, let 
the following transformation be introduced: 


yas iy 28’ /4/2 

“d oan “dr? 

ine 8 are 22.2 
GU = —H9"/ 4/2 V2 4 | 


i = — ji" /4/2 


* A.T.E.M., p. 50. 
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Note that, except for the factor of 1/+/2, this transformation is iden- 
tical to the positive-sequence portion of the method of two-phase sym- 
metrical components, namely, equation 21.6. 

(c) Another interpretation for this transformation may be given by 
finding the new voltage vector e’ 


| eds + jegs | 


22.3 


Cdr + jegr 


This point of view states that, if the four currents and voltages in the 
four axes are real functions of time, they may be replaced by two cur- 


ee 


Fic. 22.1. The Fic. 22.2. The 
primitive poly- primitive poly- 
phase machine phase machine 
with two layers with four layers 
of windings. of windings. 


rents and voltages that are complex functions of time. Then the real 
parts of the new e’ and i’ give the direct axis quantities and the imagi- 
nary parts give the quadrature axis quantities. 

Both points of view lead to the same set of equations. 


The Primitive Polyphase Machine 
(2) By Cy -Z-C and C;-G-C, equations 22.1 become (Fig. 22.1) 


ds d, 


te + Lsp | Mp 


| M(p — 764) | + Lb — jpé) 


representing the Z’ and G’ tensors of the primitive polyphase machine 
with two layers. (Because of the smooth air gap, —jL, should be neg- 
lected in computations. In establishing equivalent circuits, however, 
—jL, must be included, so that G should be a tensor.) 
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(b) The results represent a theorem that a set of real equations of the 
forme = Zei 


ee | 22.5 
a | 
may be replaced by the complex equation 
d 
e= 22.6 


and vice versa. (A.7.£.M., p. 147.) 
(c) By a similar transformation the Z of the primitive polyphase ma- 
chine with four layers is (Fig. 22.2) 


| dio dst dri do 
792 + Leah M.p Miep Mop 
| Msp ter + Lsip Mup Maip 504 
| Mio(p — 7p0) | Mulp — 7p) |r + Lalo —jpe)| M,(p — je) 
Moo(p — jp9) | Mailb —jp6)| M(p —7p0) Ira +Lnalp — jpe)| 
22.8 


~jMy | —jMi| —jLn | —jM, | 
—jMe. | —jMun | —jM, | ~—jL» 


For steady state, when all axes have fundamental frequency currents 
in them, p = ja, p — jpd = jws = jw(i — v). 


Synchronous Machines 


(a) When both stator and rotor axes rotate with the rotor, as in a 
synchronous machine, the equations are the same as when the axes 
stand still on the stator, except that axis s becomes f (field) and r be- 
comes a (Fig. 22.3). The direction of rotation pé also changes sign (see 
Fig. 16.11). Hence 
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22.9 


(6) When both 7’ and 7? are assumed to be constant, then, in equation 
qo 22.9, p=0. The first equation gives irs = ey or 
/ ts = ey/rs. The second equation gives 
a — jt’ Mp0 = (ta + jlap)t* 


a a 
Fic. 22.3. Poly- | | | 
ous machine. 1 , 


That is, the excitation in the field appears as an impressed voltage 
— ji! Mpé in the armature (a vector along the negative q axis, as shown 
in Fig. 21.4a). 

(c) When the synchronous machine is an infinite bus, its 7, and L, 
are zero. Hence from equation 22.10 


eg = jt’ Mpo 22.11 


This is the voltage impressed by an infinite bus upon the rotating axis of 


e@zinternal generated = 
external impressed 


<u 
+ yy 
yt bus tg j%a exe 
Me ue omerranemmmntanamnl AA Pormomumaind” (2 fy \amtanunonemee 
(a) (5) f2é sa 
Alternator. Infinite bus. 1 Pee ee: i 
Fic. 22.4. Polyphase alter- Fic. 22.5, Equivalent cir- 
nator connected to infinite cuit of the polyphase alter- 
bus. nator on infinite bus. 


a polyphase machine (if its d axis is drawn along the field pole of the 
infinite bus). 

(d) When an alternator is connected to an infinite bus (Fig. 22.4), the 
voltage impressed by the infinite bus along its own field axis qo ise » = 
jv” Mopbg (equation 22.11). As viewed from the alternator, ee lags be- 
hind e; by an angle 6. Hence during steady state 
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a 


where ¢, = ji" Mp. 
The equivalent circuit is given in Fig. 22.5. For a motor 6 becomes 
negative. 


22.12 


Polyphase Machines with Unit Transformation Tensor 


1. Sherbius Advancer (Fig. 22.6). Only the row and column of d,, of 
equation 22.7 are used. When p = jw and p60 = vu, 


d, 
Z=d-] % +7X-(1 — 2) e -| 6] 
wG - «| = 22.13 


1X- 
: ', 
| S 


alo 


Fic. 22.6. Scher- Fic. 22.7. Equiv- 
bius advancer. alent circuit of 
the Scherbius ad- 

vancer. 


When the rotor is above synchronism, 1 — » is negative and the rotor 
acts as a condenser. 
Dividing Zande by 1 —v==s, 


22.14 


J = Real of i*-E = i-E* 


The equivalent circuit is Fig. 22.7. 

2. Double Squirrel-Cage Induction Motor (Fig. 22.8). The last three 
rows and columns of equation 22.7 are used. During steady state p = 
jw. Dividing the second and third row by s, 
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s Ti To 


s | YMe+jXs| jXmi jx m2 


ZT; JX mi s + 9X jX mr WG =r1(—-7X m1 —jX> —~—jX mr 22.15 


to |—jX me |—jXmr | ~7]Xre | 


|. cre 
To] jXme jX mr = + I%r2 


Since Z is symmetrical, it may be represented by the equivalent sta- 


iS 


Fic. 22.8. Equivalent circuit of the double squirrel-cage induction motor. 
tionary network with three meshes shown in Fig. 22.8, where X,,1 = 


Xg=Xnt Xs XQ = Xm + x7 + Xe 
Key = Xm + Xp + 01) Xe = Xm + Hy 


f = Real(@™*E,. + 7?*E yg) = (7! + i7*)*E,, 


The Shifting of Polyphase Brushes 


When a set of perpendicular brushes is shifted by an angle a, Fig. 
22.9, the first row of their C is 


m n 
: - . —e 
Fic. 22.9. Shifting a Since @ = — jv”, C becomes 


polyphase brush. 
d, 


m m 
cmt [ametiana| =a] o| alii (al <n 


Hence 2” polyphase machines clockwise rotation of axes is represented 
by e/* and a counterclockwise rotation by «~?%, 
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Polyphase Commutator Machines 


1. Shunt Polyphase Commutator Motor (Fig. 22.10) 
ds a d; a 


ts + jXs IX er 


| jsXme® | 1, + jsX, | 22.18 


The presence of e’* makes Z asymmetrical. Transforming it, how- 
ever, by C’, the symmetrical Z” is 


Fic. 22.10. Shunt Fic. 22.11. Equivalent cir- Fic. 22.12. Series 
polyphase com- cuit of the shunt polyphase polyphase com- 
mutator motor. commutator motor. mutator motor. 


The equivalent circuit is that of Fig. 22.11. The machine 7” is found 
from 7%” of the equivalent circuit by 2? = i7"«~7, 


d, a ds 


n* (rg + 5jXs) + tr 
: + jsXp + jnXm(e?* + se77*) 


Its equivalent circuit is a variable impedance. 
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EXERCISES 


1. Express the real equation e = Z-i of the primitive machine with smooth air 
gap, given in equation 22.1, as a set of equations with complex coefficients, in the 
manner of equation 22.6. 

2. Find C, Z, and G of the polyphase motor of Fig. 22.13. What is its torque? 


G Ge 


Fic, 22.13. Fic. 22.14. 


3. (a) Find Z, e, and B of two polyphase alternators in series, Fig. 22.14, the second 
lagging the first by a constant angle 6. 

(b) Find the torque of each machine. 

(c) Find the equivalent circuit of the system. 


CHAPTER 23 
ROTATING REFERENCE FRAMES* 


C as a Function of Time 


(2) Hitherto it has been assumed that the reference frames were 
(1) either all stationary in space (all fixed to the stator) ; (2) or rotating 
together with the same speed as one of the members (all fixed to the 
rotor). 

The next point to investigate is how to establish the equations of a 
machine if the reference frames are not fixed to one member but rotate 
at any arbitrary velocity p6’. (The velocity of the rotor conductors 
will still be denoted by 8.) 

(b) The first step is to establish C of a rotating frame. If the 
stationary axes d and q on Fig. 23.1 are to be replaced by the rotating 


d 6 
Fic. 23.1. Transform- Fic, 23.2. Trans- 
ation from stationary to formation of poly- 
rotating axes. phase axes. 


axes a and b, their C is analogous to the case where a and b are sta- 
tionary (equation 17.4). a b 


| cos @’ | —sin @’ | 


23.1 


sin 6’ cos @’ 


except that now 0 zs a function of time and pC = dC/dt is not zero. 
For a balanced polyphase machine in analogy to equation 22.17 
(Fig. 23.2.) a 


c= a |e | 23.2 


(c) This is the first time when a C is encountered whose components 
are not constants (real or complex) but functions of time. 


* A.T.E.M., Parts VI and VII. 
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(d) Now, when the components of C are functions of tame, the laws of 
transformation of physical entities in general are more complicated than 
those hitherto shown. 


The Law of Transformation of Z 
It will be proved presently that the law of transformation of Z is 


ac ace, 

eee ’ Loins 1 = Le C%,C8, Loe Ce —& ; 

30 po 8 B + Log 38" pe 
23.3 


where C is a function of 6’ and 6 is the velocity of the reference frame. 
That is, now L (the coefficients of p terms) also have to be used. 
Because of this more complicated law of transformation, Z is no longer 
called a ‘‘tensor” but a ‘“‘geometric object’”’ (an entity whose existence 
depends on the reference frame used). 

The law of transformation of all other tensors hitherto introduced, 
namely i, e, P, R, L, and G, are unchanged, and they are still called 
tensors, even though the reference frame rotates. 

In rotating machinery it is often found that the transformation is 
“orthogonal,” that is, C;-C is the unit tensor. In such cases C7 -Z-C 
is often identical with Z and only the second term of equation 23.3 
need be calculated. 


Z=C;-Z-C+C;-L- 


A Quick Way of Transforming Z 


When the transformation is not orthogonal, some labor may be 
saved by assuming that during the multiplication of Z with C the 
order of the components is preserved. Then it is possible to write for 
the law of transformation of Z 

Zi = CleZ-C | Zarge = C2 ZagCh 23.4 
where the p in Z now refers to all terms to the right of it, that 1s to C 
(and i) but not to C;. After multiplication each term may be expanded 
into two terms. For instance, a component of Z’-i’ may have the form 
M sin 8’ p cos 6’ i” (where cos 6’ came from C and sin 6’ from C;). 
Hence refers to both terms cos 6’ 7%. If the term is expanded, it 
becomes M sin 6’ > (cos 6’ 7”) = M sin 6’ cos & pi? — M sin® 6’ pé’ 
#. It is this last term that would have come from the use of 
Cy -L+(8C/d6’) 6’. 


The Large Variety of Reference Frames Possible 


In balanced polyphase machines it is advantageous to introduce 
reference frames rotating with the fluxes (or impressed voltages) since 
then all currents and fluxes become constant in magnitude and it is 
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possible to establish an equivalent circuit for the machine. In hunting 
studies the use of such a reference frame is imperative. 

A great variety of reference frames is possible, their selection being 
influenced by the manner of interconnection of the machines. For 
instance, if both stator and rotor have rotating e.m.f.’s impressed on 
them, then: 

{. Both stator and rotor reference axes may rotate with the stator 
e.m.f. (or flux). 

2. Both may rotate with the rotor e.m.f. 

3. The stator axis may rotate with the stator e.m.f. and the rotor 
axis with the rotor e.m.f. 

Even though the two e.m.f.’s rotate at the same speed during 
steady state, still during hunting their speed is different and the 
equations of hunting depend upon where the reference axes are 
attached. A judicious selection of the reference frame may allow an 
easy solution of an otherwise prohibitively long problem. 


Double-Fed Induction Motor 


(a) In many speed-control systems the stator of an induction motor 
is connected to a synchronous machine running at a fundamental 
speed $6, and the slip rings are connected to another synchronous 
machine running at a slip speed p@3. In that case the stator and rotor 
fluxes both run at a synchronous speed with a constant angle 6 between 
them. Let both stator and rotor reference axes be attached to the 
revolving siaior flux. 

The tensors of the primitive machine of the induction motor with 


smooth air gap are 
d, d, dr Qs 


tr Lp Lp Qe M Pp 62 


eee 23.5 
—L, pb, | t+ L,p Mp 


Mp ts + Lsp | 


23.6 
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de d, qr ds 


| —é} sin Ay 


—e3 sin (62 + 43) | 


23-1 23.8 


€3 Cos (82 + 63) | 


€1 cos 64 


where e; = i" Jf,p0, and e3 = i Mapes (compare 
with equation 24.16). The velocity of the rotor of 
the induction motor is p@2; those of the synchronous 
machines, p@, and p63. 

(b) Let a reference frame be introduced rotating 
Fic. 23.3. Induce With a velocity p6, with respect to the stationary 


tion motor with reference axes. Then by equation 23.3. 
rotating axes. 


23.9 


23.10 


Now C,-Z-C happens to assume the original form of Z, equation 
23.5. But 
As ar by Ds 
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The sum of equations 23.5 and 23.11 is 


as ar db, bs 
: te + Lsp Mp —Mpe; —Lsp0; ! 
| Mp |r, +Lp| —L.pe, | —Mpe, | 
Mpé, L,p@s tr + Leb Mp 23.12 
Lp Mpo, Mp tet ae 
23.13 


where the slip speed is 9, = p60, — plo. The torque is M(a%2" — 
4284") and 
ag ar by De 


é1 23.14 


e€3 cos 6 


e’ = C;-e = | —e3 sin 6 


where 6 = 02 + 63 — 6, = the angle between the two fluxes. 

From the new axes a and b it appears that the rotor rotates with a 
slip velocity 0, and the stator with a fundamental velocity 61, both 
in counterclockwise direction. 

(c) Since the impressed voltages are constant during steady state, 
all b in Z become zero and 


As apr b; De 


23.15 
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As ar b, Ds 


23.16 


In i’ = Z’—}.e’, 7% is the in-phase component and 2° is the out-of- 
phase component of the stator current. 


EXERCISES 


1. Find equation 23.12 from 23.5 with the aid of equation 23.4. 

2. Transform equation 23.12 back to the original equation 23.5 with the aid of C7}, 

3. Express C of equation 23.9 as a tensor with complex coefficients having only 
two rows and columns. 

4. Transform Z of the primitive polyphase machine, equation 22.4, with C of 
exercise 3 by using equations 23.3 and 23.4. (The result should be the complex form 
of equation 23.12.) 


CHAPTER 24 
HOLONOMIC REFERENCE FRAMES 


Axes Rotating with the Members 


(2) A very important special case occurs when the axes are rigidly 
connected to their particular members and rotate with them. Such 
a reference frame may be assumed on the slip-ring induction motor 
and on the synchronous machine. In the synchronous machine the 
armature axes are then stationary and the field axes rotate with the 
field. Because many practical machines can be derived from it with 
the aid of a C, a machine with axes rigidly connected to the members 
will be called the “primitive machine with rotating axes’’ or the 
“second primitive machine.” 

When the reference frame is rigidly connected to the members (be 
they stationary or rotating) the equation of voltage reduces to the 
special case (to be proved presently) 


e’ = R’.-i’ + p(L’ =i’) Cyt = Ry gt” a p(Largrt®’) 
e’ = R’-i’ + po" Cat = Rargit” + poe 


No rotor-generated voltage Bpé exists (or rather none is defined) 
and the equation of voltage is the same as that of a stationary net- 
work. However, p refers not only to i but also to L, which now is a 
function of 6. When all expressions are expanded so that p refers 
only to i, the equations assume the usual form involving Gpé-i. 

(b) The torque may be expressed as either 


24.1 


f' sz 9/+G!.j! ff = Gy pt 
or 
aT’ 1, aL’ aT’ — 1 OLwg! 
Pit is ose j’*- oj’ ae Si ces we RSet Bf 24.2 
P= 59 ah Y= 9-2 00°? 
since the kinetic energy is 
Tl! = 5 i*- Lei | To = 4 Lup t 24.3 


(c) These equations (valid for the special case of rigidly connected 
reference frames) are due to Maxwell. The reference axes are called 
“holonomic” axes. It is emphasized that these simplified equations 
are not valid for any other type of reference frame. 
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The Second Primitive Machine* 


(a) Instead of transforming Z of the first primitive machine, it is 
simpler to transform its L by C,-L-C to give L. Then 


Z=R+ pL’ | Large = Rage + blag 24.4 


Fic. 24.1. Second primitive Fic. 24.2. Alternator with 


machine. stationary armature axes. 
(R’ is C,-R-C and has the same form as R.) Hence 
de a b ds dg dr Gr Qs 


cos @ | —sin 6 
| L = 24.5 
sin 60 cos 6 
ia Ma cos 6 — Ma sin @ 
Ma cos 6} Lg + Lp cos 26 —LEp sin 28 M, sin @ 
L’ = 24.6 
—LIp sin 26 | Ls — Lpcos26| M, cos é 
M, sin @ M, cos 6 Las 
La +L Lar — L 
where = Lg = ————“ and Lp = oie Seal 
For the synchronous machine of Fig. 24.2 (eg = Z,:i) 
d; a b af 
— Lay — Ma cos @ ~ Ma sin 6 0 
| —Mgcos @|—Lgs — Lpcos26} —Lp sin 26 M, sin 6 | 
L,= 24.7 


| —JAfg sin @ —Lp sin 26 —Ls + Lp cos 26| ~M, cos 6} 


0 M, sin e] —M, cos 6 — Legs 


* A.T.E.M,, p. 71. 
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The impedance tensor R’ + pL’ is 


d, a b de 
| tds + plas Map cos 6 —~ Map sin @ 0 
Mapcos @ |r, + p(Lg + Lycos 26) —Lpp sin 26 M,p sin 6 
| Map sin @ —Lpp sin 26 tr + p(Ls — Lycos26)) Mypcos 6 | 
, Mp sin @ Mp cos 6 Yqs + LesP | 
24.8 
where > refers to all @ terms and to 2. 
(b) To find the torque by 1/2 i -(dL’/a6)-i 
d,; a b ds 
0 — Mga sin @ — Ma cos 9 0 
| —Masin @| —2Lp sin 26 ~—2Lp cos 26 M, cos 6 
Cr a 24.9 
~Macos 6| —2Lp cos 28 2£p sin 26 | —M, sin @ 
The torque may also be found by i’-G’-i’ where G’ = C;-G-C = 
ds a b Qs 
a | — Ma sin @ —Lp sin 20 Ls — Lp cos 26 My, cos @ 
een 24, 10) 


— Mg cos 6|—(Ls + Lp cos 28) Lp sin 20 — My, sin 6} 


The Second Primitive Polyphase Machine* 


When a machine with a smooth air gap has a pure rotating field on 
both stator and rotor, then (Fig. 24.3) 


24.11 


* A.T.E.M., p. 74. 
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24.12 


te + pL pM ad 


pMe— Ty + pL, 


Fic. 24.3. Second Fic. 24.4. Poly- Fic. 24.5. Alter- 
polyphase primitive phase synchron- nator with con- 
machine. ous machine. stant excitation. 


This Z' and G’ are the same as those of the slip-ring induction motor. 


Torque = f’ = Real of i’*-G’-i’ 24.13 


Polyphase Synchronous Machine with Constant Excitation 


If the primitive machine is looked upon as an alternator with 
stationary armature axes (Fig. 24.4), then d, becomes a (armature) 
and a becomes f (field). (There is no need now to interchange the two 
members.) 5 f 


Ya + bLa pMe'?# a 
PMc | re + ply fi ef 


24.14 


(b) If the excitation 2’ is assumed to be constant the first equation 
becomes independent of the second 


Ca = (je? pO Mat + (ra + pla)i? 


Eliminating the field axis, the tensors along the stationary armature 
axis a are (Fig. 24.5) 


a a 
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(B is the coefficient of all p@ terms, carried over to the right-hand side 
of the equation e = Z-i.) 

(c) If the synchronous machine acts as an infinite bus (7, = La = 0) 
then the voltage impressed upon a machine with axis a connected to 


the infinite bus is 
a 


EXERCISES 


1. Show that the torques of the second primitive machine found by equations 24.9 
and 24.10 are equal. 
2. On the second primitive polyphase machine, Fig. 24.6, let four axes exist: 


(a) The stationary stator axis ds. 

(b) The rotor axis a with a velocity p@. 

(c) The stator flux f, rotating with p@, with respect to the stator axis dg. 
(d) The rotor flux f, rotating with $0, with respect to the rotor axis a. 


Fic. 24.6, 


Find the following C’s and their inverse: 


(a) From d, to fg. 
(6) From a to f,. 

(c) From d, to f,. 
(d) From f, to f,. 


CHAPTER 25 
SPEED CONTROL SYSTEMS 


Changing Rotating Axes to Stationary Axes 


Induction motors and synchronous machines are used in con- 
junction with a-c. commutator machines to produce desired speed and 
power factor characteristics for the drive of industrial loads. If each 
machine is a balanced polyphase machine, in the presence of slip-ring 
induction motors Z’ and G’ contain ¢?? terms. Such terms may be 
eliminated if after interconnection the slip-ring axes are replaced by 
stationary axes or if all axes are assumed to rotate with the fluxes. 

If two or more of the machines run in synchronism, then, after 
elimination of ¢’’, usually their difference 7! — 67 = 6) remains, 
containing the constant angular displacement 6 between the machines. 

To establish an equivalent circuit for the polyphase system it is 
desirable that: 


1. All reference axes should rotate together (no variable angle 6 
should exist between them). 

2. All axes should be parallel (no constant angle 6 should exist 
between them). 


Power-Selsyn Systems 


(a) Let two induction motors be interconnected as shown in Fig. 
25.1. When machine 2 (transmitter) is driven, the other (receiver) 
runs at the same constant speed with a constant angle of lag 6. 


25.1 


Receiver. Transmitter. 
Fie, 25.1. Selsyn system. 
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Before interconnection 
ds ay deo ao 


ira + Lap| Mipe 
| Mipe 7 | ry + Lap 


Z’ = ———__|——-—— 25.2 
tea +Leop | Mope?® | 
Mope 78 | re + Leap | 
After interconnection by C;-Z-C 
dat ay die 
rei + Lei My pei 0 
b Mype 7 | ry + oe + (Ln + Li)p |— Mope 7 25.3 


0 — Mope'e2 ren + Leof | 


Transforming from the rotating axis a; to the stationary axis d,, 
(Fig. 25.2), 


6d, SS" doo SS ae ee © 
s T 8 


25.4 


Fic. 25.2. Selsyn with sta- 
tionary rotor axes. 
by OMY Ary 8 (p in Z referring to C but not to C) 
det drt dso 


ds1 Psi + Lsip 
Z! = dy] eh Mype™ | tm + re + (La + Lyeipe i | —Moeipei2 | 25.5 
des 0 — Mopelire-101 ro + Lep | 


But p(¢ 79) = € (pb — jpa)i. Also 6 — 6 = 6. Hence after 
expansion 
dst d,1 dso 


1 Lop 
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(b) Since in every axis fundamental frequency currents flow, 
b= jw, p — jp = jo(1 —v) =jws. As no voltage is impressed 
in axis d,,, the whole row of d,, may be divided by s. Hence during 
steady state 


di dri dep 
Irer + 5Xe1 jXmi Of. 
Z= dal jXmi | tra)/s + j(Xa + X2)| —7Xmae" 


—jXmgel® 732 + jXs2 : 


Equivalent Circuit of the Selsyn System 


The Z’ in equation 25.7 may be brought to a diagonal form by 
shifting the axis of dg by the constant angle 6 (Fig. 25.3). 


45: 5 bse da dni de 


25.8 
Fic. 25.3. Shifting the stator 
axes. 
so that by C3-Z’-Cs the symmetrical Z” is 
day dy dso 
dst Ys + IX jXxmi dei : 
Z” = dy Xml (Yr + tr2)/s +7(Xn + X72) —jX m2 = det 25.9 
dss | —jXma reat jXen dee | ane?) 
The torque tensors before and after transformation are 
dat aj dei dy1 
wG = ————] 25.10 


| —jXmie 791) —jXr 
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The torques are the real parts of 
fi=v En fo = i! *EB,5 


The corresponding equivalent circuit is shown in Fig. 25.4. The 
actual current 7°” in the machine is 7°? = 7%?’ ¢?8, The same result 


Crittre 
$s 


Xs2 ‘50 
«~e— :S2' 


l 8 
sy : BjXm2 eset 


Xero 


Fic. 25.4. Equivalent circuit of the Selsyn system. 


would have been found by performing the three transformations in 
one step by C = C,°Co:-Csz. 


Variable-Speed Drive 


(a) In a variable-speed drive two synchronous machines (the first 
supplying the electrical power) and a slip-ring induction motor 
(driving the load) are connected as shown in Fig. 25.5. 


6) 


Alternator. Induction Synchronous 
Motor. Motor. 


Fic. 25.5. Fan drive. 


If during steady state the speed of the first machine is 1 and that of 
the induction motor is v, then the synchronous motor speed is 1 — 
y= s. There is a constant angular displacement 6 between the two 
induction motor fluxes that run with speeds of 1 andy +s. 

Before interconnection the franstent tensors are (equations 24.12 
and 24.15) 


a1 Se T2 a3 


aiiri + Lip : — ji My pee? 


Te | pMoe~ 782 |r + Lep 
Bs | r3 + Lap 


| —ji/3M3p03e78 | 


25.11 
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Bi = ay 


25.12 


When viewed from inside the induction motor, the reference axis 
Sp stands still on the stator (velocity 0) and re rotates with the rotor 


Fic. 25.6. Rotating armature axes. 
(velocity p@). Let both reference axes rotate with the rotor flux, which 


rotates with respect to the rotor with a velocity pé3. That is (Fig. 
25.6), let 


25.13 


The resultant C is 


Pe (Go+@3) 


— ¢?Ge+43) 


C= CC, = 25.14 
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(c) By C;-Z-C (where p refers to C but not to Cy) and by Cy-e, 
* 
C; -B, etc., 


S r 


- siry + rea + (Li + Lee ld +7 (be + $63)] Molp + j(p0e + pés)] 
y Mo(p + jb6s) re + 3 + (Lee + La) (p + fps) 


29-15 


Bi = s| ec iGrtaw ih yy | 


g | — rts) nh Mp Oy 


B3y=r jv3 M3 


: i“ —_ 


, —jM —jLz 


(d) During steady state all currents are constant (as viewed from 
the frame), p = 0, also pb + pé3 = w& and bz = Sw. If A -- 3 = 
6, = 6 is the constant angle between the stator and rotor fluxes in 
the induction motor and if the axis r is divided by the slip s, 


s r 


o s}ori + re. + 7(X1 + Xe2) jX m2 
r | iX m2 rat + j(Xr2 + Xs) 
Fic. 25.7. Equivalent circuit of the fan drive. 
where e; = —ji™Xmipé;. The equivalent circuit of the system is 


shown in Fig. 25.7. The torques are the real parts of 
fi = O*E, fo = V*E, fg = U*E3 25.17 
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The steady-state equations and the equivalent circuit would have 
been the same (except for e’) if both reference axes had rotated with 


the stator flux. In that case 


25.18 


EXERCISE 


1. Find C, Z, i, and the torque of each machine of the following drives (all poly- 
phase machines), Figs. 25.8-25.11. 


Fic. 25.8. Two induction 
motors in cascade. 


Fic. 25.10. Variable-speed Fic. 25.11. Variable-speed 
drive. drive. 


CHAPTER 26 


DERIVATION OF THE EQUATIONS FOR GENERAL 
ROTATING AXES 


The Relative Concepts of Induced and Generated Voltages* 


Let the first primitive machine with stationary axes be considered. 
In changing i to i’ by i = C-i’ to axes rotating with any arbitrary 
speed, let it again be assumed that the power input is the same when 
measured in either the rotating or in the stationary frames. That is, 
let at be assumed that the power input 1s invariant under the transforma- 
tion. Then by equations 6.1 and 6.2 e is transformed as e = Cy'-e’. 

(a) The part of e = Z-i that contains p = d/dt is e; = L- pi, the 
induced voltage. Let the method of transforming the induced voltage 
to a frame rotating with p@’ be investigated. 


di di® 
1 : — Le — a= eB aT : 
Given e ry e iar 26.1 
Let i= C-i' P= Cha?’ 26.2 
and 
e = C;!-e’ Cx = CX ey 26.3 
where C is a function of 6’. Substituting i and e into equation 26.1, 
_ d(C:i’) d(C§-7"’) 
: aes ee 5 tee B 
C; e€ L dt Ce Cx Lap di 
di’ aC :) ( di’ dCh. . ; 
at Ge ae a ae Wes eae ete 
(c.F+4 Lap \ Ca “a tay? 


Since C is a function of 6’, 


dC aCde’ aC. 


ee enter Se SS eee 


(As 0C%,/dx7’ is an object of valence 3 in every frame, in direct nota- 
tion its product with other tensors cannot be represented in an easy 


* 4.T.E.M.,, p. 61. 
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manner. Hence in direct notation only one velocity p6’ = v’ is 
e a e fa / ‘ 3 
assumed; in index notation, any number px* = v®.) Substituting 


i’ di’ ach 
pte’ = L- (c. di’ + ac s'pt’) Ce Ea! — lag (cg = t ~ 8 px 2"'#) 


“dt ax’ 
— i C, = Co 


dab 
gases = + C,-L- - c «ipe) Cat = ed 


+ LagpCe OCB at Br 


If Cy-L-C = L’ or LagC2-C§ = Lap, then along the rotating reference 
frame the induced voltage becomes 


di?’ ac’, 
of = Lig oo I S, es yt or 
: aa da le all 
26.5 


(b) That is, along rotating reference frames the previous induced 
voltage L-pi becomes partly an induced voltage and partly a generated 
voltage. Hence the division of a voltage vector into induced and 
generated voltages is a relative concept that depends entirely on the 
reference frame. A certain voltage vector may be entirely induced 
or entirely generated voltage, or partly induced and partly generated, 
depending on the relative velocities of the reference frames, the 
fluxes, and the conductors. However, the sum of the induced and 
generated voltages is constant, no matter what the reference frame is. 

It should be noted that the additional generated voltage C,-L- 
(dC /d6’)-i'pe@’ is different from the rotor-generated voltage G’-i’p9. 
The former is due to the rotation of the flux lines produced by i’ (the 
currents in the axes rotating with 6’); the latter, to the conductors 
rotating with @ and cutting the flux lines produced by all currents 
in the machine. 


di ac 
e = its C.-L: aa “i'pe’ 


The Equation of Voltage Along General Rotating Axes 


The remaining part of e = Z-i, that is,e = R-i + p@ G-i, becomes 
after transformation 


e = Ri + poG'i | eg = Rargi™’ + £0 Garp 26.6 


Hence the equation of voltage along stationary axes 


di di? 
SS Rie ts 7 + pO Gi | eq = Regi? + Log ~ + £0 Gagi® 26.7 
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becomes after transformation with C into rotating axes 


Me en S 4 6 Gleil + p68! Ve? 


26.8 

R -g/ dr’ -g? ’ - 

a’ g/t + Leg? aE +- pe Ge prt te pe Ver grt 

where 
ac ac, 
VW =C)-L- — Vig = LoCo: 
Oe ag! oe Be Bac? an 
If the new voltage equation is written 

eS Zi | gt = Let pit?, 26.10 


then the law of transformation of Z follows as 


. ac 8, 
Z’=Cf-Z-C + Cr-L- 5a 8 | | | 2e'8" = Zap: Chr + LagC2 ae px?’ | 26.11 


That is, both Z and L of the old reference frame have to be transformed. 
In the equation e’ = Z’-i’, any p refers only to i’ and not to any 
cos @ or sin @ term occurring in Z’, 


The “Christoffel Symbol” Vag 


It is possible to say that V’ is a geometric object, called in tensor 
analysis the ‘‘Christoffel symbol” (strictly speaking, Vag is only a 
special case of the true non-holonomic Christoffel symbol [a8,y)). 
Along the stationary d and q (quasi-holonomic) axes all the com- 
ponents of V happen to be zero but along rotating (non-holonomic) 
axes not all the components are zero. That is, the law of transforma- 


tion of V is 


ac 
Vi =Cf-V-C + CP-L- a Vargr = Vapl2:Ch: Lagl —% 


26.12 


Since for the first primitive machine V is zero, therefore in going 
over to a rotating frame C;+V-C is still zero, but C/-L-(8C/a6") p6 


is not. 
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The “Rotation Tensor” y° 

(2) It was shown in equation 16.24 that for synchronous and 
induction machines G can be derived from L with the aid of the “‘rota- 
tion tensor’’ Y. 


G=Y¥,-L where Y= 26.13 


(This assumption is true only if the flux-density wave is sinusoidal 
in space. In the general case [in commutator machines], the flux 
waves are non-sinusoidal, G is independent of L, and the rotation 
tensor Y has no existence.) 

(6) Now the rotation tensor Y may be expressed in terms of C as 
follows: 


aC 
y — 0 ae 18 = 


aCe, 


Ce 26.14 


06 


a ac 2 | —sin 6 Lee 6 
00 | cos @| —sin 6 
26.15 
rom a .o-1 
06 


Geometrically Y rotates a vector 90 degrees in space, as was shown 
in Fig. 16.9. 
Consequently G may be expressed as 


26.16 


where C changes from stationary to rotating axes. 

(c) It may be mentioned that the “rotation tensor” y® is a special 
case of the so-called ‘‘coefficients of rotation of Ricci’ yZ3 (just as Vag 
is a special case of {%,}). The reason for these simplified forms is 
that in the study of electrical machinery hitherto the rotor displace- 
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ment § was not assumed as an extra variable, requiring an extra 
axis s, but as a parameter, since the speed p@ has been assumed to be 
constant. But as soon as the study of hunting and acceleration 
begins and an extra axis s has to be introduced (to express the equation 
of torque along it), both geometric objects of valence 2, y2 and Vag, 
have to be replaced by their more general form as geometric objects 


of valence 3, yig and soak . 


CHAPTER 27 


TRANSFORMING THE TWO PRIMITIVE MACHINES 
INTO EACH OTHER 


Equation of Voltage of Maxwell* 


(a) In starting the analysis of synchronous or induction machines, 
the equations of either primitive machine may be used as a starting 
point, depending on which offers a speedier analysis. It will be shown 
now that the equations of the two types of machines can be derived 
from each other. For general commutator machines, however, the 
first primitive machine cannot be derived from the second, or vice 
versa. 

(b) The equation of voltage along general rotating axes, equation 
25.8, assumes a simple form if p46’ = 6, that is, if the rotor axes rotate 
with the same speed as the rotor. It will now be proved that the two 
generated voltage terms may then be combined into one as 

, 

po(G' + V’)-i' = “< i! | PO(Garge + Vargr\? = ae a 27.1 

or that 
G’ + V’ = dL’/36 | Garge + Verge = OL arg /00 


(c) Sinee the rotation tensor Y can be expressed in terms of C by 
equation 26.14, for the first primitive machine 


a ac; dC}, a! 
G=Y¥,L=C; errs “L Gop = Wolag = 7 CZ lige. 27.2 
For the second primitive machine G becomes 
ac; acz, 
G’=C)-G-C = oa “-L-C | Gargr = GigC2Chr = aA Laas 213 


By equation 26.9 


ac; ac 
6(G’ + V’) = @| 2 -L-C x zd 
PNG eM Pe PCy le 
(C7 -L-C) 9L’a@ dL’ 
= p§ ———— = = 4 
i oe 06 dt at zt 


* A.T.E.M,, p. 77. 
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if it is noted that 6L/0@ = 0 (L of the first primitive machine has only 
constant components). 
Hence for the second primitive machine the equation 


e’ = R’-i’ + L’-pi’ + p0(G’ + V’)-i’ 
may be written in the form 
ef = Ri 4 Lpil + (pL!) +i! | eg = Rerpii + Lap pi?” + (pLarp i? 
e’ = R’-i’ + p(L’-i’) er = Rag + p(Lapri®’) 27.5 


: j : 


This is the equation with which Park starts to derive equation 26.7 
for the synchronous machine along the direct and quadrature axes. 


or 


The Equation of Torque of Maxwell 
The equation of torque 
fi =i7-G’-i’ | f) = Garg PF 277 
may be written by equation 27.3 as 


oc; ) ocy, 
eerie eas G Pees a B ja! 2B! 
7 (2 C)-i ‘i 5 Ly gat” 4 27.8 
Since in a quadratic form by equation 1.23 
A+A Ag Aga .»- 
i-A-i =i- +i Agpiti® = Ho Be ai 27.9 
equation 27.8 may be written 
1, (ac, cy , 1,, A(CpeL-C) , 
1 = —jy'. —— «LE. of,0.— ot ee ee Pg ee ee eg! 
Y= 35 (= SPS og a0. 
1 aL’ , 1 OLB! 1 gt 
tla ages aes te = ————- 7% 7.10 
P= oh ot | OG ag 2 


(Again it should be remembered that dL/0@ = 0 as the components 
of L are constant.) Since the instantaneous kinetic energy (magnetic 
energy) stored in the machine is 

T’ = 4i'-L’-i’ T'=43Lygt iP 27.11 
therefore 


27.12 
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Equation of Voltage of the First Primitive Machine * 


(2) The reverse of the previous derivation, to be shown now, is 


identical with that given by Park. 
The equation of voltage of Maxwell for the primitive machine with 


rotating axes is 
e = R-i+ p(L-i) [|  ém = Runt” + P(Linnt™) 27.13 
where L is given in equation 24.6. 


Now let the rotating reference frame a and b be replaced by sta- 
tionary reference axes d and q by the transformation i = C-i’, 


ds d, qr Qe 


ga == 4% d, | 


,a 


i* =i cos 6 + i* sin 6 a | cos @ | sin 6 


bd _ “dp! “Op b tet p 9 cams 27.14 
4 = —7" sin 827 cos @ sin cos 


4% — qi ds 


Note that this C is the inverse of what formerly in equation 24.4 was 


called C (Fig. 27.1). 
(Or using the convention of central-station engineers, Fig. 27.2, 


Fic. 27.1. Relation between Fic. 27.2. Relation between 
stationary and rotating axes. axes in a syuchronous machine. 


let the stationary axes d, and q, on the armature be replaced by axes 
d, and q, rotating with the same speed as the field pole.) 


d; da Ga qy 


cos @ —sin @ 


27.15 


sin 6 cos @ 


* G.E.R., May, 1938, p. 244. 
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(b) Substituting C-i’ for i, 
e=R-C-i’ + p(L-C-i) 
= R-C-i’ + p(L-C)-i’ + L-C- pi’ 
Let both sides of the equations be multiplied by C,, 
Cree = Cee R-Coi’ + Cy p(L-C) +i’ + Cy-L-C- pi’ 


But 
Cie = e’ 
C;-R-C a R’ 27.16 
C.-L-C = L’ 


where the primed quantities represent the tensors of the primitive 
machine with stationary axes. Hence 


ef = Ri + L'-pi! + Cy p(L-C) ei 27.17 


(c) The expression (L-C) can be brought to a more recognizable 


form by replacing L by 
L = C;!-L’-c7l 


where L’ is given in equation 24.5. Then 
P(L-C) = p(C;*-L’) = (pC; *)-L’ 


since pL’ is zero (all components of L’ being constant). 
Since C and C7! are functions of 6, 


d =) oC," _,dé@ 
-C) ={— OE ee ee 
b@-€) (3 “ 90 dt 


Substituting into equation 27.17 


, / 3st / of ac;* / sf 
= R’-i' + L’-pi a ake peri 
But by equations 26.14 and 26.13 
—1 


06 


27.19 


we onsas ted WIALYLEINUY brig i WU PRIMI 1 IVE MACHINES 


—— om 


(where C changes from rotating to stationary axes). The equation of 
voltage of the primitive machine becomes 


e’ = R’-i’ + L’- pi’ + pp G’-i’ 27.20 


This is the same as equation 26.7. 


Equation of Torque of the First Primitive Machine 


Let the equation of torque of Maxwell for the primitive machine 
with rotating axes be 


f=—=ri-—ii 27.21 


Let i be replaced by C:i’ = i’-C; 
Tes dL if 
f = 5 C; a6 Ci 
Again replacing L by C;!-L’-Cc7}, 


1 6(Cy?-L’-C7?) 
=l i’-C re rremenannnnnemamene gi eG! 
pig ek a0 me 
Since L’ is constant, 0L’/0@ is zero. Hence 
Des ac; 1 ac7? 
— —|{ °C e oL’ +i’ mae an I e oi! 
f 71 sary i +35! L ev Ci 


However, the second term is equal to the first since i-A-i = i- Aji 
and L; = L. Hence 


; ac; * 
f = i’-C;- =F Lei’ 
Since by equation 27.19 
aCy* 
Ci: °L = G’ Zt22 


0g 
therefore the torque of the primitive machine is 


f =V-Gi’ 27.23 


CHAPTER 28 
SMALL OSCILLATIONS * 


The Equations of Voltages and Torques 


(a) During small oscillations (hunting) the speed of the rotor p@ 
is no more constant and the moment of inertia M of the rotor enters 
into the equation of torque. The equations of impressed voltage and 
impressed torque of the first primitive machine are 


e=R-i+L-pi+ paG:i Om = Rint” + Lnnft” + pb Ginnt” 
T = Meo —i-G-i T = Mp0 — Gani” 28.1 


These two equations describe the performance of the primitive 
machine (hence all machines with relatively stationary axes) during 
acceleration. In terms of ¢ and B they are 


e = R-i+ be + B pe Om = Rinnt™ + Pom + Burp? 
T = Mp?e —i-B T = Mp6 — i*B, 28.2 


(6) When the machine’s equilibrium is suddenly disturbed, i be- 
comes ig + Ai, where ig represents the steady-state current existing 
before the disturbance, and Ai the superimposed change. Let 


i= ig + Al e = €) + Ae 
6 = 0) + A@ T=1T)+ AT 28.3 


The tensors R, L, and G have constant components; hence, no change 
occurs in them during hunting. 
Substituting and canceling second-order changes, 


€9 + Ae = (R+ Lp + PHG)- (in + Ai) + pAb G-ip 
Tyo + AT = Mp?(0) + AO) — (ip + Ai)-G+ (ig + Ai) 28.4 


Subtracting the original equations (and assuming pA@ = Apé), the 
equations of hunting of the primitive machine are 


Ae = (R+ Lp + p4,G)- Ai + Gi, Ape 
AT = Mp? A@ — ip-(G + G,)- Ai 28.5 


* A.T.E.M,, p. 114. 
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In terms of » and B the above equations are 
= R-Ai + pAg + BoApa 
AT = Mp7A6 — (Bo: Az + AB-ig) 28.6 


The Motional Impedance Tensor 


(a) The two equations may be combined into one if, in addition 
to the four electrical axes d,, d,, q,, and qs, a fifth axis s is introduced 
representing the direction of the instantaneous angular displacement 
@ of the rotor (geometrically s lies along the rotor axis). All torques 
are represented along this geometrical axis s. In the presence of a 
fifth variable 6, let ‘“compound tensors” be introduced. In particular 
let: 

1. iand $@ be represented as the components of a new ‘‘generalized 
velocity (or current) vector” x 


-|+ | #]- 


2. e and T be are as the components of a new “generalized 
force (or voltage) vector”’ 


(b) In terms of these generalized vectors, the two equations of 
hunting 28.5 may be represented as subdivisions (in the manner of 
equation 2.1) of one equation Ap = Z- Ax 


R + Lp + p06 | G-io| Z Bo | 


28.7 


28.8 


28.9 


~ig-(G + G,) | Mp <ip-Ge= Bo | Afb | 


where Z will be called the “‘motional impedance tensor.”’ 

The motional impedance tensor Z for any machine consists of its 
transient impedance tensor Z augmented by an additional row and 
column s corresponding to the additional (geometrical) degree of freedom. 
The additional row and column contain the steady-state currents and 
fluxes upon which the hunting is superimposed. 


THE MOTIONAL IMPEDANCE TENSOR 
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Table VII shows Z and Z, of the primitive machine for various sign 


conventions. 


It is important to note that in the additional row the flux densities 


TABLE VII 


MoTIONAL-IMPEDANCE TENSOR Z OF THE Primitive MACHINE 


ee | 


sr 
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ees PR 
| Map| fettesP | -tasp@ | “Map [Bal 


[ware [tive [etme |_Mary 
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ee 
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Bay 21 Lg, tM Bgs7 i755 +i7 My 
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B, and B, occur with signs opposite to those in the additional column, 
no matter what sign convention is used (as long as the coefficients of 


all » terms—the components of agg—have the same sign). 


That is, 


Z is always skew symmetrical with respect to B in any reference frame. 
(See also equation 31.4.) This relation serves as a check on the 
correctness of the equations. 
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(c) It should also be noted that when the direction of rotation 
changes, then: 


1. p@ assumes negative values. 
2. The row and column of s are also multipled by ~—1. 


The Establishment of Z’ 

(a) Since the Z of the primitive machine and of every other machine 
has an extra axis s, similarly the C of every machine has a geometrical 
axis s in addition to its electrical axes. 

When all components of C are constants, then 2’ = C;/-Z-C. 
Since % contains the steady-state currents ig of the primitive machine, 
afier transforming Z by C;-Z-C, it is still necessary to transform the 
steady-state currenis individually with the aid of the set of equations 
in = C-ig. Thereby not only 2’ is expressed along the new axes but 
also its components. 

(b) Once the transient 2’ of a machine has been established, it may 
be subjected to various types of manipulation depending on the 
problem at hand. In particular, may be investigated: 


1. The stability of the system under a sudden impact of voltage 
or torque. 

2. The values of the hunting-frequency currents and displace- 
ments under impressed impulses. 

3. The damping and synchronizing torques. 

4, The natural frequencies of vibration of the system. 


In all such investigations the first step is to establish the transient 
motional impedance tensor Z’ of the system. 


Transient Stability 


The stability of the system under a sudden impact is investigated 
by equating the determinant of Z’ to zero and applying Routh’s or 
other criteria. 

Even when the components of C are constants, two cases will have 
to be distinguished. 


1. The steady-state currents ip are constants. 
2. The steady-state currents are complex numbers (sinusoidal 
in time). 


In the first case the coefficients of all are real numbers; in the 
second, they are complex. In the first case Routh’s criterion, shown 
in equations 19.7-19.10, in the second case Schur’s criterion (given 
in advanced mathematical textbooks), have to be used. 
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Hunting-Frequency Currents and Velocities 


When the impressed changes Aj’ are sinusoidal (say when the 
machine drives a pump with sinusoidal load variation) having a 
frequency h, then the additional currents and velocities may be 
determined. Again two cases have to be distinguished. 

(2) When the steady-state currents ig are constant, all Az are of 
hunting frequency /, hence: 


1. All p are replaced by jhu. 

2. All p@ become ww. 

3. Apb@ becomes Avw, or rather the last column s is multiplied 
by w, changing there all ZL to X and leaving Av as the variable. 

4. To express torques in synchronous watts, the last row of s 
is also multiplied by w. 


Then Ax’ is found by Z’—'-Ap, that is, by calculating the inverse 
of the steady state Z. 

(6) When the steady-state currents ig are not constant but are, say, 
of fundamental frequency w, then the superimposed currents have two 
different frequencies (1 — h)w and (1+ h)w. The solution of #2 for 
such cases has been undertaken in another publication.* 


Damping and Synchronizing Torques 

To determine the stability or instability of a machine, the determi- 
nant of Z is equated to zero and Routh’s criterion (equation 19.7) is 
applied. Another method of analysis is based upon the assumption 
that only one dominating oscillation frequency hw exists (whose 
approximate value, however, has to be assumed). 

Leaving out Mp? from Z% and subdividing Z along the electrical 
and mechanical axes into four components, the applied electrical 
torque is a complex number (replacing all p by 7hw) 


AT. = (Z4 — Zg°Z +B.) AO = (T, + jhaT p) Ae 28.10 
Tp is called the damping torque coefficient, and T, the synchronizing 


torque coefficient. When Tp is negative the sysiem hunts. 


Natural Frequency of Oscillation 


Once Tp and T; are known, then Mp? can be resubstituted, giving 
(for a single machine) 


AT = (Mp? + Tpp + T;)Aé@ 28.11 
* A.T.E.M., p. 119. 
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The equation Mp? + Tpp + T, = O gives for the natural frequency 
of oscillation (as a fraction of w) 


; Tp\ 
Seas (22) 28.12 


where in per unit M = 4cfH and 


_ 0.231 (WR’) X (syn. r.p.m.)? 


= Base kv-a. X 10° foe 
When Tp is small 
Ts 
wh = 7, 28.14 


If in calculating T, the assumed / differs greatly from this correct 
h, T; should be recalculated with the corrected h. 
Compound D-C. Machine 


The connection diagram and C of a compound d-c. machine are 
(Fig. 28.1) 


28.15 


Fic. 28.1 Com- 
pound d-c. ma- 
chine. 


Z of the primitive machine is, from Table VII-1, 


d, qr ds s 


de | Yds + Lash 
Gr | —Mepe | tr + Loh Map 
Qs | Mop Yas + Lesh 


s | iM; i@s 


The transient 2’ is found by C,;-%-C. Replacing in the border row and 
column 7” by ngi’ and i% by 27, as indicated by equation 28.15, 
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f Ss 


f | ni(ras + Lasp) + (rr + Lerb) + 
| 1q(tqs + Lash) — naMap? + 2ngMgp 


—ifngMg 


S | 2ifnaMa Mp 


The steady-state Z’ is found by putting » = jhw, £0 = ww = w and 
multiplying the bordering row and column s by w 


f S 


f | a(rde + jhXae) + (re + jhXqr) + 


: : 1 mary | : 
a (tae+jhXqs)— naXma + 2M jhXmq| naX md 


28.16 
s 2ifmaX md jhw®M 


The equations of hunting are Ap’ = Z’- Ax. 


Polyphase Induction Motor 


It has been shown for the double-fed induction motor that a refer- 
ence frame rotating with the fluxes allows a simpler steady-state and 
transient analysis of polyphase machines. The use of such a reference 
frame during hunting makes the steady-state currents and fluxes in 
Z constant. 

The same C is used in transforming Z as used for Z, namely, equa- 
tion 23.9, except that C now has an additional axis s 


As ay by b, Ss 


cos 4; 


sin 6 | 28.17 


Since C is a function of time, the law of transformation of Z is found 
either by C,-%-C, where the p in Z refers to C (but not to C;), or by 
equation 23.3 


Zz’ = C.-2°C + C,-L: oF 5: 
06; 
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—Libt, | —Mpe,| 2M + #2, | 
Mp —t@™M — 27L,} 28.18 


tr + Lyp 
‘Ad = | LPs Tr + Lyp 


where p06, = p60, — pOo. All steady-state currents are constant. 
When no voltage is impressed on the rotor, as in a standard induc- 


Fic. 28.2. Axes rotating with stator flux. 


tion motor, this Z is used unchanged. However, in a double-fed 
motor e, equation 23.7 is a function of 6 and an additional term has 


to be added to Z, as will be shown in equation 29.20. 


EXERCISES 


1. Eliminate the stator axes and stator currents in Z of equation 28.18. 


2. Find the steady-state form of equation 28.18. 
3. Find the transient and steady-state Z of the following machines: 


(a) The amplidyne of Fig. 18.20. 


(b) The Scherbius advancer of Fig. 22.6. 
(c) The shunt polyphase commutator motor of Fig. 22.10. 


(d) The double squirrel-cage induction motor of Fig. 22.8. 


CHAPTER 29 
THE HUNTING OF MACHINES WITH SLIP RINGS 


Calculation of Ap’ 

(2) The steady-state voltage impressed on a machine is e’ = C;-¢ 
If its components are constant, then e’ does not contribute to Ae’. 
But if e’ is a function of 6 or 6 (as it is in all machines having slip rings), 
then during hunting its contribution to Ae’ is 


de’ OC m! 
Ae’ = = —— Ax” 
30 ~AQ Ae on Ax 29.1 
In general the value Ap’ in the equation Ap’ = 2’- Ax’ is 
re) f , 
Ap’ = B A® +. p’ | APm! es ee x” a 


where p’ = C;-p, and where 

1. (dp’/d0)-A® is due to the presence of applied variable steady- 
state voltages and torques. 

2. P’ is any additional sudden or hunting-frequency change of 
voltage or torque applied. 

(b) In order to represent the equations of hunting also in this case 
as Ap” = Z’’- Ax”, the Aé@ term of Ae, is carried over to the right- 
hand side of the equation. Since on the right-hand side the column 
of Apé already occurs, in such cases AO is assumed as the variable in 
place of Ap@ and the corresponding column of Z' (after transformation) 
is multiplied by p. Then the two columns of Aé@ can be added to form 
a new column of Z”’. That is, now the law of transformation of Z is 


Oda! | 
ey Me oifie e = 29.3 


The addition of ép’/d@ indicates that Ap@ has to be replaced by 4@ 
by multiplying its column by p. The equation of hunting of the new 
system is 
P’ = Z’- Av’ 29.4 
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where 


Av =| 29.5 


Synchronous Machine Connected to Infinite Bus 


(a2) When a synchronous machine is connected to an infinite bus 


@, (Fig. = its hy — need is 


ésin 6 e cos 6 


0 9.6 


L 


Mee 


where 6 = 0; — 02 = Oat. — Obus. Since its 


Fic. 29.1 Alternator con- © is the unit tensor, therefore e, = e, and 


nected to infinite bus. 


de. de. de’ 
Ae, = ol ee —£ ag, — —= A@ ; 
a 8 a6, °° 0 29.7 


Since Aé. = 0 (that is, since the infinite bus does not hunt), Ad, 
can be replaced everywhere -* Aé = = — Hence 


ecos 6 Aé | —esin 6 Ad 


29.8 


These voltage changes appear on the terminals in all cases, in addi- 
tion to any outside voltage and torque changes P, that may be 
applied. 

(0) Hence, by the law of transformation of Z,, 


de 
Zz, = C,-Z,-C — o- 29.9 
dy dz; da da Qk Ss 
dy |—"ra—Lyab| 9 — Myx — Myap 
dy) —Myrb |—rra —Lrab| —Marad 
z! da} —Myap —Miap |—-ta—Leap| LaghA Migb@ | Bab—ecosé 
V4 — vse tescataygre | sueRitreeranAnaenateimrenese | Sitemeter | oem tnimetttreeeanniemuneteniyennnn | svetnbingstthrmanetinaSnanriesmaett 
Gel ~Mrap@ | —Myap@ | —Loap@ |—ra—Laghl —Migb |Bopb+e sind 
dk —Migh |—riqg—Lrob 
S| —2% Mya |) —t%Mig |—i4Leg+Bg sk Bs +B 424 My, Mp? 
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(Note that the first five rows and columns are Z of equation 16.31.) 


Art? | Agk4 | Aged) Azer | Agha | ag | 


where $6 is written for $6, and 6 = 6; — Oo. 

By convention, central-station engineers use generated voltages and 
impressed torques. Hence the last equation of Z, has to be multiplied 
by —1 to correspond to this convention. 


Elimination of Field Axes 
If the field axes d,, dz, and q; are eliminated by Z’ = Z, — Z3-Zy'-Zo 
and e’ = @2 — Z3-Z;'-e1, the simplified equations are 
da Ga Ss 


Ai | Aé 


Av = | Ai? 


dal —ra — Lalb)p Ly bp) pe Bee —ecosé Aeg — G(p)pAE | 
Ze =qe| —Lalb)p@ |—ra — Ly(p)p| Bop+esins| Py 


Aég — G(p)peaEy 
s |—7La(p) + Ba| 14Lg(p) + By Mp? 


During steady hunting, p = jhw and 


da qa s 


Aeg ~ G(jh)jhAE| 


dal —ra — jhxaljh)|  xq(jh)p9 
Zz; =qal —xa(jh)p? |—ra — jhxa(jh) | jhBg+esind|Py = | Aeg — G(jh)pOaE 
s |—i®xa(jh) + Bal 2xq(jh) + By AT — igG(jh)AE | 


29.12 


oS tt pada AAUAVEAENA WE LOU TELINDO WEEK OLIF KINGS 


(b) Using the per unit symbols of the central-station engineers 


Lap) = xalp) | 7 + Lalb)p = zal) | Ba = —vq0 | 2” = tag 
L,(p) = Xq(p) Eee L,(p)p a Zq(P) By = ao | = 1g0 
d q 
Av” =| Aig | Ai, | Ad | 


—2Za(p) Xq(p) pe —wWaop —~ €cos 6 


~—xa(p) pe —2(d) YaoP +e sin 6 | 
| —tgoxa(b) — a0 taoXq(b) + Wao Mp’ : 


29.13 


d | Aeg — pG(p)AE 
Py =q | Aeg — pOG(p)AE 


xa(P), Xq(p), and G(p) are defined in equation 20.17 and y in 20.29. 

It should be noted that the flux densities B occurring in the geometri- 
cal axes Ss may be replaced by flux linkages y only in synchronous and 
induction machines. In commutator machines (d-c. or a-c.), B and y 
are two different concepts with no apparent relation between them. 


Numerical Example 


Let a synchronous machine without excitation (or a polyphase in- 
duction motor running at synchronous speed) have the constants (when 


02%p .233 


Xd(p) =Xq(p) —= 3.02 


Fic. 29.2. 


the rotor is connected to an impedance load) as shown in Fig. 29.2. 
I. Steady-State Performance 


Ta ad 0.02 €a 
Xd = Xqg = 3.02 + 0.233 = 3.253 ) 


1.05 pie=Hu=1 
0 
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By equation 20.33 


l€q sin 6 | €g cos 6 | 


—0.02 | 3.253 


| —ta/D xa /D 


—3.253 | —.02 


|—xa/D |—1ra/D | 


es) 
Cy 
I 


ax, = —0.00198 X 3.253 = —0.0064 
B, = —i'x, = 0.324 X 3.253 = 1.052 
2. Hunting Performance 


xa(jh) = (jh) = 0.233 + — 


1 
3.02 ' 0.477 — 90.216 


= 0.656 — j0.161 


h = 0.04 jhxg(jh) = 0.00645 + j0.0262 


Substituting into equation 29.13 (ignoring Mp”) 


—0.02645 — j0.0262 0.656 — j0.161 |—1.05 + j0.000256 
Z =| —0.656+ 0.161 |—0.02645 — 0.0262 = | 


—0.0051 — j0.000319| 0.84 + 70.0522 


AT = —Z3-Z71+Zo = 1.26 + 70.394 


Therefore 
Ts = 1.26 
0.394 
ee cee — é 2 AT 
Tp 0.04 9.84 9 


The system is stable at the frequency of hunting 0.04 X 60 = 2.4 
cycles per second. 


Double-Fed Induction Motor 
When the impressed voltage vector of a polyphase induction motor is 
as ay b, bs S 


3 cos 6 él 29.18 


e=p= | easin 
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het dad 


where 6 = 0. + 63 — 6; (and e = i/ Mp6), then Z’ of equation 27.18 
has to be supplemented by — dp/06 


op op 
Ne os = PKS 
ane ee eee 


since A@, and Aé3 are both zero. Hence 


29.19 


Multiplying the last column of equation 28.18 by (thereby assum- 
ing Aé as the variable in place of Apé) and adding to it the above equa- 
tion, the Z’ of the double-fed induction motor is (assuming both refer- 
ence axes fixed to the stator flux) 


0 


Z! = | L,p0s | te + Lyp 
Alpe, Mp 


a eeeeaeeal 


—7 8 Vf 1 


29.20 


where ¢, = 17? Mspé3 and 0, = pO, — p62. The steady-state currents 
and voltages are all constant. During hunting p = jhw and * 


as ar b- bs Ss 


As fg + IhXs| jhXm 


antares sti | camry Sesser | meetin Ramee | Senthentineremyerninassttincterimamaeneeins | Autres cneiawtane matinee nett 
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29.21 
The Hunting of Polyphase Machines 


(a) The Z of interconnected systems may be established in two dif- 
ferent manners: 


* A.T.E.M., p. 119. 
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1. The Z of the primitive (or other system) is transformed by C. 
(The general laws of transformation, valid for the most general cases, 
are given in the next chapter.) 

2. The transient pre-hunting equations e’ = Z’-i’ and T’ = i’-G’-i’ 
are first established with the aid of C, then small changes are made. 
(Or the scheme of equation 28.9 is established if the axes are station- 
ary.) 

The two methods serve as checks upon the correctness of the equa- 
tions. 

(b) When polyphase machines with smooth airgaps are intercon- 
nected, the matrices of equation 28.9 assume the form 


Zz (Gi) p — de'/a0 29.22 


—i’*.(G, + Gir) Mp? 


(Note that G’ = G, + G;, equation 16.33.) 

Sometimes it is advantageous to establish e’ = Z’+i’ and T = 
i’-G’-i’ as polyphase (complex) equations in the manner of Chapter 
22, afterward to change them into real form by equations 22.5 and 
22.6. Then the hunting equations are established. 

It is possible to establish Z’ of any polyphase system by transforming 
Z of the primitive polyphase machine with the aid of a complex C. 
That transformation is not considered here, however. 


EXERCISES 


1. Eliminate the stator axes and currents in equation 29.19. 
2. For the double-fed induction motor: 

(a2) Find C in which the rotor axes a, and b, rotate with the rotor flux instead of 
the stator flux (the rotor flux is at an angle (6 + @,) from a stationary axis, while 
the stator flux is at an angle 4; = 6, on Fig. 24.5). 

(6) Establish the corresponding 2. 

(c) Find C in which both stator and rotor axes rotate with the rotor flux. 

(d) Establish the corresponding Z. 


CHAPTER 30 
THE LAW OF TRANSFORMATION OF Z 


The Classification of C 


When the components of C are constants, the laws of transformation 
of Z and Z are C;-Z-C and C; -Z-C — de’/dé. 

The components of C may be functions of time that do not change 
because of hunting. This was true in equation 28.17 where the refer- 
ence frame rotated uniformly with a velocity 6 with respect to the 
rotor no matter what the rotor itself did. (That is, AC = 0 but £C # 
0.) In that case, the laws of transformation of Z and @ are either as 
above, where the p in Z refers to C and i, or equation 23.3 and 


oC de’ | 
Z! = CF.2-C + C#-L- — 30 — — 30.1 


06 00 


where # refers only to 1. 

When two interconnected synchronous machines run at a constant 
angle 6, then during hunting this 6 (occurring in their C, equation 20.41) 
also varies. Then AC is not zero even though #C is zero. 

The law of transformation of Z when AC # 0 is to be investigated 
now. 


The Laws of Transformation of Ax* and Ap, 


It has been shown that the laws of transformation of the velocity 
vector x* and the force vector f, are those of tensors, namely, 


x = C-x’ ot Cx, 5% 


p= Cy *p’ Pa = Ce bx 


30.2 


The question now arises: What are the laws of transformation of 
their differentials dx* and dp, (or Ax* and Ap,)? If the components of 
Cy are constants, they transform as ** and p,; but if C& is a function 
of the variables or the parameters, then their laws of transformation are 
more complicated. 
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Making small changes in the above equations 


| AR* = CeAe® + ACHE | 30.3 


Ap maa C, ++ Ap’ + AC; + +p’ Aba or CE" Apa + ACE pat | 30.4 
where 
oc oc, 
AC = A® AC, = —— é 
a . 598 Age 30.5 


In the extra term of the law of transformation of Ax there occurs x, 
and in that of Ap occurs p. Hence Ax* and Ap, are neither tensors nor 
geometric objects but “partial geometric objects”’ since, in their law of 
transformation, not only CZ and Lag but also #* (and p,.) occur. 

Since in the general case neither Z, nor Ax nor Ap are tensors, the 
equation of hunting Ap = Z-Axis no longer a tensor equation. 


The Law of Transformation of Zo, 


When C is a function of a parameter 6 (such as the angle between two 
synchronous machines running at the same speed), Z is no more a ten- 
sor. For the primitive machine let 


Ap = Z- Ax 
Substituting Ap and Ax from equations 30.4 and 30.3, 
Cr!-Ap’ + ACy!-p’ = Z-(C- Ax’ + AC-2’) 
Multiplying by C,, 


=] 
Ap’ = ex + C,-B- < x’ ae C;- 7 | AV 30.6 
where Av contains Ai and A@ as its components. 
Hence, when C is a function of a parameter, two terms are added to 
Z’, one by the law of transformation of Ax, the other by that of Ap. 
Since Ap’ is (6p/06)-A@ + P’, the equation of hunting of the new ma- 
chine is . 
P’ = 2’. Av’ 30.7 


where the law of transformation of 2’ is 


Cx acy! de’ 
Z = C,-Z-C+C;-z: - x — C,- —~ -p’ — a 30.8 


Biases teat | UA a ete tt WENZEL LAIN UE GG 


When the Inverse of C Does Not Exist 


(a) When C7! does not exist (required in the last but one term) a 
new expression may be derived for it. Let 


C.C =] 30.9 
Differentiating A(C7?-C) = 0 = AC7!-C + C7?-AC. Hence 
C,-ACy? = —AC,-C;' 30.10 


Substituting, C,-AC;!+p’ = AC;-Cyi-p’ = —AC,-Cy?-C,-p 


or 
C,-AC;! -p’ = —AC;-p = —AC;-e 30.11 


Hence C~! disappears, but in its place appears e, the applied voltage 
existing before hunting and before the transformation. 
Since Z’ contains the steady-state ig:, it is advantageous to express e 
also in terms of iy as 
e= Z-i = Z-C-i’ 30.12 


Hence the law of transformation of 4 is 


lg = cheg.c + of 2 Cg 4 OE. (== 30.13 
— 7 88 a a0 " 
ac®, OCe Oey’ 
— (e 8 a ey sete ae GOY 2 
Zap? = Cx ZapCe + Ca ab x8’ aa i axe" ZagCyt Hae 


(b) When the components of C and ig contain functions of time, then 
all pin Z refer to all such variables to the right of them. In such cases 
the order of the components in the multiplication cannot be changed. 
The expanded law of transformation for such conditions is given else- 
where.* 

Mechanical Problems 


It may be mentioned that in most mechanical problems (in holo- 
nomic dynamical systems) the equation of hunting isnot Ap = ZAx but 


Ap = Z- Ax | Ab, = Zyghx® 30.14 
where x are the variables. Since the law of transformation of Ax is 
Ax = C- Ax’ | An® = Co Ax™ 30.15 
* A.T.E.M., p. 128, equations 42 and 46. 
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the extra term in equation 30.13, C,"-Z-(ac/dx)-x’ (due to the law of 
transformation of Ax), is absent; hence iz mechanical oscillation prob- 
lems the law of transformation of Z is 


ac; dp’ acy, OD, 
= C*2-C + ep — = | Barge = BupC2Ch + 2p, — $2 
Z C, 7 ox p ox B pCa Ca = axe" Py ae!’ 


30.16 


where p = pz is the steady-state force equation of the system before in- 
terconnection and p’ = py is the applied steady-state force after the 
interconnection. All = d/dtin @ refer to both C and Ax. 

The equation of transformation 30.13 developed for electrical ma- 
chinery is valid for non-holonomic dynamical (mechanical) systems in 
which the velocities also are subjected to small changes. 


EXERCISES 


1. Find the transient Z of the amplidyne of Fig. 18.3. 

2. If the frequency of oscillation of the amplidyne is hw, what is the steady-state Z? 

3. If a synchronous machine (and the bus) run at a speed vw and the field hunts at 
a frequency hw, what is the steady-state Z of the synchronous machine? 


4, Using the design constants of Fig. 20.6, find Tg and Tp of the synchronous 
machine at the angles stated in exercise e, Chapter 20. 


CHAPTER 31 
THE EQUATION OF MOTION * 


The Electromagnetic Field Tensor Fug 


(2) The two equations completely determining the accelerated mo- 
tion of a single rotating machine with relatively stationary axes have 
been given in equations 28.1 and 28.2 as 


e=RitL-pit poGei | en = Rnat® + Lnnbi" + PIG mnt” 


T = Rpo+ Mpg —i-Gei | T= Mp?0 — Grani™i” 
or 
e=R.-i + be - Bpe ln = Rinnt” + Pom + Bnpé 


T = Ru + p(mv) — i-B T = Mp6 — i"Bn 


where the mechanical friction R is introduced for the sake of symmetry. 

(b) These two equations also can be expressed as one equation in 
terms of ‘“‘compound” tensors (analogously to the equations of hunt- 
ing) by introducing the geometrical axis s to express along it the me- 
chanical quantities. That is, let the following compound tensors be 
introduced: 


parenfe | 7] 


The tensor aag is called the ‘metric tensor.” 
It should be expressly noted that the rotor flux-density vector B occurs 
iwice in the complete set, in particular: 


I 


31.2 


1. In the voltage equation it produces generated voltages. 
2. In the torque equation (with negative sign) it produces torque. 


The B vector has to be arranged as a skew-symmetric tensor of va- 


lence 2, F = Fog F , 
a 


31.4 


* A.T.E.M., p. 95. 
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the so-called ‘electromagnetic field tensor” that occurs in the tensorial 
held equations of Maxwell, equation 14.7. (It should be noted that F 
also occurs as a component of Z, equation 28.9.) 

(c) In terms of these compound tensors, the two equations can be 
combined into one, the so-called equation of motion 


parkta-prt+Fex | pe = rapt? + agpt®+ Fygt? 31.5 


where the field tensor Fis a function of i. In this form the equation ma y 
include any number of pé’s, not only one. 


Acceleration of Direct-Current Machines 


In many d-c. machine applications it may be assumed that during 
acceleration the rotor flux-density B remains constant along each axis. 
Then the field tensor F is constant and x may be factored out as 


p= (t+ap+F)-x = Z,-x 31.6 


Fic. 31.1. Compound d-c. machine. 


This is a set of linear differential equations with constant coefficients, 
just as e = Z-i or Ap = Z-Ai are, and can be solved with Heaviside's 
expansion theorem for the instantaneous velocity and currenis Xas X = 
Zz +p. 

As an example, let the acceleration of the compound machine of 
Fig. 31.1 be analyzed. The Z of its primitive machine is 


d, dr ds S 


ds ! Yas + Lasb 
qr = Mapé ?r + Lorb Mp 


? ; = Se emmnendieteannuntiaetoommeniaamntaennaneneatge-emasaaed 


Qs | Map qs + Lash 


31.7 


Z’ = C,-Z-C, where Z’ may be expressed as r’ + a’p, so that 
f S f S 


2 2 
f\7, + Ndtds + Nelas 
r= eae eas 


Ss 


Since the flux-density vector 1s B = — Mgnqt’ 


we tr + Natas + NGr9s 
+ (neLas + Lor +! — Manat? | 
Naligs + 2MgMq)p | 31.8 
f Ss j 
Mangif Mob 
p’ = esl Ti 


The solution of x = Zz!-p gives the instantaneous current 7/ and rotor 
velocity v°. 


The Torsion Tensor S.,, 


(a) Instead of the two B’s let the two G’s be arranged into a com- 
pound tensor. Since the B’s are arranged into a tensor of valence 2, 
the G’s must be arranged into a tensor of valence 
3 (Fig. 31.2) called the “‘torsion tensor’ Tag,. It 
is skew symmetric in the first and third indices. 
4 That ts, 

a Lepy = 1 ype 31.9 


pac) 


Fre. 31.2. Building Many writers call half of Tg, the torsion tensor 


up the “‘torsion ten- SaBy so that 
sor”’—2 Sagy. Ties = 2Sapy 31.10 


(b) It should be noted that, 7x commutator machines where G ts inde- 
pendent of L, the torsion tensor Sug, is also independent of the metric tensor 
Qeg. But when G = Y;-L, then Sag, can be expressed in terms of dyz. 
That is, in synchronous and induction machines 


sch _ aCe 


on" 58” 31.11 


1 ; f 
Sosy = 5 Oya Cp ( 
where C3 is a function of the displacements x* of the rotor conductors. 


(c) In terms of S,g, the equation of motion (valid for machines with 
relatively stationary axes) becomes 


dx? d7x8 dx’ dx® 


a = Seg an a ia Lak 
Pa = Yap Gy Tt dap Ft AO rBa Ge ahs 
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where x* represents the charges and instantaneous displacements. In 
the general case these differential equations can be solved only by step- 
by-step methods. 


The Affine Connection Tag y 


(2) When the reference frames rotate with any arbitrary velocity 
pé’, then the additional V that appears in equation 26.8 may also be 
incorporated with the two G’s into a geometric 
object of valence 3 (Fig. 31.3), the so-called 
affine connection Igg,y. (It is not a tensor, but 
a geometric object, since V is not a tensor. It 
is customary to place a comma before its last 


% 
Z 
gy 
% 


index.) 
In terms of the affine connection, the equation 
of motion is Fic. 31.3. Building up 
Axe 28 dx dit the ‘“‘affine connection’’ 
= %o9 + dep te tl eyes i |) 31.13 Dep,y- 
Pa = top Get Gas Get Tene a a = 


This equation represents the performance of any number of machines with 
any type of rotating frame. 

In the general case of commutator machines the components of Tgy,a are 
arbitrary quanitives independent of dag. They represent the mutual induc- 
tances due to the existence of rotations of conductors and reference frames. 

The law of transformation of T'gg,, is analogous to that of V, equa- 
tion 26.12 
ac?, 


re 31.14 


DB, y! = ages 02 CB CY. 7 Ayal} 


(>) If the parameter # (time) is replaced by s (distance), the resulting 
equation represents a line in an n-dimensional ‘“‘non-Riemannian”’ 
space. Hence with ¢ the equation of motion 31.13 may be said to 
represent the motion of a particle in an z-dimensional non-Riemannian 
space. 


The Christoffel Symbol [a8,¥] 


(a) In special reference frames the components of Tagy assume spe- 
cialforms. For instance, for the first primitive machine and in general 
for machines with relatively stationary axes 


Tag,y = 2Sepy 31.15 


Another very important special case is the holonomic frame of the 
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second primitive machine. The equations of voltage and torque of 
Maxwell are esha teas 
b 4 OL: 31.16 
T= Rpe + Mpu — 7 Are ot 
The first equation can be written 


e = Rit Lpit po +i 


1 dL aL 
If — eT: and — are arranged analogously to the two G's (Fig. 


31.4a) the resultant is a geometric object of valence 3, the so-called 
holonomic Christoffel symbol. 

It is customary (and from a tensorial point of view necessary) to 
divide 0L/d@ into the sum of two equal matrices (144)dL/06 and ar- 


Fic. 31.4. Building up the ‘Christoffel symbol” [a8,y]. 


range them as shown in Fig. 31.40. The resultant equation of motion 
in both cases gives the same answer. 
(b) Since in such holonomic frames 


Pe8,y = [aB,] 31.17 


the equation of motion for holonomic reference frames is 


a 
aE eT Ve dt dé 
where the Christoffel symbol is defined (with any number of rotating 
members) in terms of the metric tensor agg as 


_ 1 fdagy | ey tet 
[eB,y] = 3 (228 aay 31.19 


Its law of transformation is the same as that of T'ag,,, namely, equation 
31.14. 

(c) Note that: (1) The order of the indices in the denominator is 
a, B, y the same as in [a8,7]; (2) the two indices in each numerator 
differ from those in their respective denominators. 
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or 
ae) ax? +028 
py = ypk? + arg a + [aB,y]x°x 31.22 


(b) In the general case of commutator machines when Igg,, is not a 
function of agg (that is, when G is independent of L), the equation of 
motion cannot be expressed in terms of the kinetic energy T and it cannot 
be considered a modification of the Lagrangian equation. Classical 
dynamics has no equivalent concepts to offer, and the concept of rela- 
tivistic electrodynamics must be resorted to, from which the entities 
Tog,y and Sag,y have been borrowed. Classical dynamics employs only 
the Christoffel symbol [a8,y]. 

In the special case of synchronous and induction machines when G = 
Y,-L, then Tag, can be expressed in terms of the kinetic energy T by 
using the Boltzmann-Hamel extension of the Lagrangian equation that 
has been developed for non-holonomic reference frames, namely 


afer) oT , OF a os (25 ) » | OF 
dt mT aay, ae a ee say = fy 31.2 
di (2) aa + gt VOR \ Ge — aaa) ® + aay = Sy 31.23 


The derivation is to be found in other publications.* 


EXERCISES 


1. Find Z, of the machines of Figs. 31.5 and 31.6. 
2. Starting with the law of transformation of the metric tensor agg, derive that of 
O0ag/ 0x". 


Fie. 31.5. Fic. 31.6. 


3. Starting with the law of transformation of daqg/8x7, derive that of the Christof- 
fel symbol. 
4. Prove that [o8,y] = [8a,7]; [e8,y] + [y8,a] = 


Oey 


ax8 


* Kron, ‘‘Non-Riemannian Dynamics of Rotating Electrical Machinery,” Journal 
of Mathematics and Physics, 1934, pp. 103-194; G.E.R., October, 1938, p. 448. 


CHAPTER 32 
THE THIRD GENERALIZATION POSTULATE 


Vectors without Magnitude and without Direction 


In conventional vector analysis a vector is defined as a “physical 
entity that has magnitude and direction.” That a vector has a “law 
of transformation” when the reference frame changes is tacitly as- 
sumed as self-evident without any further statement. This obvious- 
ness of a law of transformation is due to the simplicity of a Euclidean 
space and the ease of visualization of entities in such a space. Also in 
a plane or in a three-dimensional Euclidean space with orthogonal 
reference frame the inverse of C (or rather Cy!) is identical with C, 
there is no difference between a covariant and a contravariant vector, 
and the law of transformation loses its importance as a yardstick to 
recognize physical entities. 

With the introduction of generalized coordinates (in electrical and 
mechanical network and machine studies), the space in which the 
vectors lie and the reference frame in which they are measured get 
more complicated, hence the emphasis in the definition of a physical 
entity (such as a vector) must be shifted to its law of transformation. 
In tensor analysis a vector is defined as a ‘‘physical entity whose law 
of transformation requires either C or C~! only once.” A vector does 
not necessarily have to possess a magnitude or a direction. It only has 
components and a definite law of transformation. 

To define the magnitude of a vector it is necessary to introduce the 
concept of a metric tensor dag; and to define direction it is necessary to 
introduce the concept of affine connection, ['%,. In their absence there 
still exist vectors, reference frames, spaces, and other attributes of 
physical problems; only the two concepts magnitude and direction are 
missing. 


The Metric Tensor a, * 


(a) If the self and mutual inductances (and moment of inertia) 
@ag of a synchronous or induction machine are known, their perform- 
ance can be predetermined under all conditions of operations. For 


* T.A.N., Chapter XVIII. 
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that reason the metric tensor a,g plays an all-important part in the 
study of rotating machinery and of course in tensor analysis. In 
dynamical problems a gg contains all the moments of inertia and 
products of inertia of the system; in geometrical problems agg con- 
tains the direction cosines of the reference axes. 

When the components of a vector, say 7° (that is, the currents flow- 
ing in the various windings), are known, the magnitude of that vector is 
still unknown. In fact, no definition has been given hitherto of what 
the resultant vector irepresents physically. 

(b) The absolute magnitude of |2| of a vector 7% is defined in 
tensor analysis with the aid of the metric tensor as 


(Magnitude of 7%)? = | 7 |? = aggi%? 32.1 
Or, if the vector is covariant, like g,, its magnitude is defined as 
(Magnitude of ¢,)? = | ¢ |? = a gay, 32.2 


where a®” is the inverse of agg. (Physically a%? represents short- 
circuit inductances.) 

Since the stored magnetic (kinetic) energy of a system is T = (14) 
Gqgi2t®, the magnitude of the current vector 1% at any instant is equal to the 
square root of twice the magnetic energy stored in the system. 


Raising and Lowering Indices * 


Multiplication with the metric tensor dag lowers an upper index, and 
multiplication with a®’ raises a lower index, as 


1"Qog = ig OF yar? = oF 
6 238 -B oe $2.3 
Sept! = Sig and Syr%ags = S357 


Only the indices of tensors can be raised or lowered. Exceptions are 
T'ag,7 and [e8,y], whose third indices may be raised or lowered as 


Taga? = 1, and [e6,yla? = {cat 32.4 


When an index of a tensor is raised or lowered, its physical meaning 
also changes. For instance, i, is identical with yg, (since L-i = g); 
similarly g* = i*. R,° contains “decrement factors” r/L, G:? becomes 
identical with the “rotation tensor”’ y°. 


* A.T.E.M., Part XV, p. 145. 
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Covariant (or Absolute) Differentiation 
(2) Considering the equation of motion 31.13 


dxP 
Pa = rapt? + dag Ft Tey ak PRY 32.5 


ax? . ; 
the term Qag a is not a tensor (since d#* is not a tensor, as shown in 


equation 30.3). Similarly the last term is not a tensor since I'gy,9 is not 
(it contains V). However, the sum of the last two terms, namely, 


axe 
Gag + Tey,atk? = Ay 32.6 


is a tensor (since each of the other two terms of the equation isa tensor). 
That is, the induced voltages do not form a vector (a tensor of val- 
ence 1); neither do the generated voltages. But their sum is a tensor, 
no matter what reference frame is used. 

(b) This relation is used to define one of the basic operations of ten- 
sor analysis that always produces automatically a tensor out of 
another tensor in spite of the presence of differentiation. 

The ‘‘covariant (or absolute) derivative’ of a vector A* is defined as 

5A* dA% dx? 
= —— + T*%, dA’ — ; 
eo a re oy se 

The covariant derivatives of tensors of various valence is defined 
with the aid of as many Ig, as the number of valence, e.g., 

6A gg Ar8 dx’ dx? 

= “4 rae 4 re ae 

di dt dt dt 

Covariant derivatives may be defined with respect to tensors of any 
valence. For instance, in field problems 


a4" _ ad 

ax® ~—— x8 

(c) The importance of covariant derivatives is that they obey the 
rules of ordinary derivatives. E.g., 


6(AggB8") = (6A gg) BP’ + AapdBY 32.10 


Hence in many analyses the presence of Tig may be dispensed wrth and 
the analysis performed without being encumbered by Iag,, How- 
ever, all differentiation symbols then represent covariant differentia- 
tions. 


32.8 


+ [dA 32.9 
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The Third Generalization Postulate 


(2) The preliminary postulate extends the use of a particular arith- 
metic equation to a large number of analogous cases by replacing each 
number with an algebraic symbol. The first postulate allows the 
extension of an equation from one degree (or a few degrees) of freedom 
to » degrees by replacing each algebraic symbol by an appropriate n- 
way matrix. The second postulate extends the use of the matric equa- 
tion (or equations) of a particular system for a large number of systems 
possessing the same types of reference frames by replacing each n-way 
matrix by an appropriate geometric object. 

(0) The next step in the generalization of the meaning of symbols 
concerns reference frames that have more complicated structures. It 
is comparatively easy to establish, say, the equation of motion of a 
particle moving on the plane. The question arises whether the simple 
equation of a plane may be generalized to apply to the motion of a 
particle on a curved surface, say on an ellipsoid. 

The third generalization postulate states: An invariant equation, 
valid for an infinite number of physical systems all possessing a simple 
type of reference frame, may be generalized to include reserence frames of 
more complicated types, by replacing each geometric object by an appro- 
priate tensor. In particular all ordinary derivatives in the equation are 
replaced by covariant (or absolute) derivatives. 

(c) For instance, the invariant equation 


ai? 
eae 
valid for all possible stattzonary networks possessing magnetic (kinetic) 


energy, is valid for all rotating machinery if di®/dt is replaced by 
5i°/dt. That is, the equation of performance of all rotating machines is 


5 *B d “8B 
an i dt" 
dt 


$2.11 


bao = 


+ Tey,ot°t" 32.12 


As another example, Newton’s law f = mdx/dt assumes in a recti- 
linear reference frame with 2 degrees of freedom the form 


ta =a a 32.13 
ea |: 


In any curvilinear reference frame and with generalized coordinates, 
the equation becomes, by virtue of the third postulate, 


5xP ax 
fa = ap = ap ++ Tgy att 32.14 
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where the value of I'g,,. depends on the particular reference frame 
assumed. In holonomic reference frames Tg,,,. is the Christoffel sym- 
bol [o8,yl depending only on agg; in non-holonomic frames T3, 
assumes a more general form. 


The Generalization of Maxwell’s Field Equations 


As one other illustration of the third generalization postulate, let the 
field equations of Maxwell, given in equation 14.7, be considered. The 
equations are valid in rectilinear reference frames that may move with 
a uniform velocity along a straight line. If the axes are curvilinear 
and the reference frame has an accelerated motion, then equation 14.7 
assumes the form 


SEIT aHes 
, oe ae + Tel + Tele" = 3 
5 F8 a Fee 
II = 0 ———- + TF 4. po poy — Q 
axP ax8 7B v8 
a - 32.15 
II —=0 —— + T%s? = 0 
ax ox . 
O0e d08 OGa dg 
IV Feb = og ~ xt Feb = “aah — age — Tait + Thety 


where the covariant derivatives are defined in equations 32.7 and 32.8. 
(A detailed analysis is given in another publication.*) These are the 
forms of the Maxwellian equations that apply to rotating electrical ma- 
chinery. 

Again I'ag,, implied in the covariant derivatives depends on the refer- 
ence frame used. In the special case when T'ag,, = [e8,y] (that occurs 
in most field problems but not in rotating machinery), Maxwell’s 
equations assume the very simple form 


1 @Vv—-aHe : 1) iv aes A 


a/ —a ax? ~ ax? : oe Baie 
@V/—a F*# Ova 98 | 
sO lise oF 

ax Ban ax ¥ 


They are practically the same as equation 14.7 except that the deter- 
minant a of the metric tensor dag also appears in the equations as a 
scalar multiplier. 


* Kron, “Invariant Form of the Maxwell-Lorentz Field Equations for Accelerated 
Systems,” Journal of Applied Physics, March, 1938, p. 196. 
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The Expansion of a Tensor Equation 


Again it is emphasized that the use of the third postulate simplifies 
the problem only during the analysis. Before the constants of a par- 
ticular engineering structure may be put into the equations, the tensor 
equations have to be expanded. In particular: 

1. The tensors (like 6/%) have to be replaced by their equivalent 
geometric objects. 

2. The geometric objects have to be replaced by the m-matrices of the 
particular reference frame under discussion. 

3. The -matrices have to be replaced by algebraic symbols. 

4. The algebraic symbols have to be replaced by their numerical 
value. 

That is, the more the analysis is condensed, the more routine work 
remains that has to be performed eventually. Of course, without con- 
densation the analytical work and the visualization of the phenomena 
would be in many cases either prohibitively complicated or impossible. 


The Establishment of Tensor Equations 


The main purpose of this book is to establish equations of perform- 
ance of electrical engineering systems ina rigorous manner. To accom- 
plish that, certain elementary concepts of tensor analysis have been 
introduced. 

The purpose of tensor analysis, however, is not merely to establish 
equations of performance in a rigorous manner. That is only a second- 
ary role. A far more important role of the tensorial concepts is to 
establish the performance of physical systems in terms of actually 
existing, measurable quantities, that is, in terms of tensors only. In 
stationary networks this last role is of secondary importance since 
practically any method gives measurable quantities. But in case of 
rotating machinery, that is not so. In the familiar steady-state prob- 
lems long experience has already established certain routine methods 
that give measurable quantities, but in problems of hunting, little or 
no such engineering experience exists. 

To establish the equations of hunting of dynamical systems in terms 
of measurable physical quantities (tensors) only, still more advanced 
concepts of tensor analysis have to be employed; these, however, are 
not undertaken in this book. One advantage of such an analysis is the 
possibility of establishing equivalent stationary networks that corre- 
spond to the hunting system. If the equation of hunting of a machine 
is not a tensor equation, it is impossible to establish a stationary net- 
work that corresponds term by term to the given non-tensor equa- 
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tion.* The equations of hunting of slip-ring machines, as given in 
Chapter 29, are not tensor equations. 

In general, an equation of a physical system may be represented by 
a model (equivalent circuit) only if the equation is a tensor equation. 


*Kron, “Equivalent Circuits for the Hunting of Electrical Machinery,” Trans. 
A.LE.E., 1942. 
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Elimination, of field axes, 223 

of meshes, 15 

of variables, 17, 156 
Energy, stored magnetic, 240 
Equations, matric, 12 

of constraint, 46, 50 

of independence, 51 

of Lagrange, 237 

of Maxwell, 109, 111, 243 

of motion, 232 

of power, 42 

of small oscillations, 213 

of small torque, 214 

of small voltage, 214 

of torque, 212 

of Maxwell, 209 
of voltage, 204, 210 
of Maxwell, 208 
Equivalent circuits, establishment of, 
167, 244 

of double-cage induction motor, 182 

of capacitor motor, 175 

of fan drive, 201 

of induction motor, 171, 182 

of Scherbius advancer, 181 
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Equivalent circuits, of selsyns, 199 Indices, free, 100 
of shunt polyphase, 183 lower, 101 
of synchronous machine, 180 raising and lowering of, 240 
torque in, 168 upper, 101 
variable, 98 
Fan drive, 199 Inductance tensor, 125 
Faults, 81 Induction motors, double squirrel-cage, 
Field equations of Maxwell, 109 131 
four-dimensional, 111 doubly fed, 187 
n-dimensional, 243 hunting of, 225 
three-dimensional, 109 polyphase, 169 
Forms, 10 hunting of, 219 
linear, 10 single-phase, 142 
quadratic, 10 rotor, 164 


three-phase, 172 
two-phase, 169 
hunting of, 219, 221 

Infinite bus, 147 
Integration of tensors, 107 
Interconnections, of coils, 23 

of networks, 28 
Interphase reactors, 86 
Inverse of a 2-matrix, 7 


Generalization, of Maxwell’s equations, 
243 
of Newton’s law, 242 
Generalization postulates, first, 115 
preliminary, 115 
second, 116 
third, 242 
Geometric objects, 186 
Gradient, 105 
Ground impedance, 73 


Group property, 44 Junction, 45 


Junction pair, 45 
Hermitian tensors, 65 


Holonomic reference frames, 191 Kirchhoff’s first law, 23 
Hunting, 213 Kronecker’s delta, 9 
frequency currents, 217 
of d-c. machines, 218 Laws of transformation, 39, 44, 65, 101, 
of double-fed machine, 225 228 
of polyphase induction motor, 219 Layer of winding, 120 
of polyphase machines, 226 Linear form, 10 
of slip-ring machines, 221 Load ratio control system, 54. 
of synchronous machine, 222 Locus diagrams, 167 
Hypothetical reference axes, 65 
Hypothetical windings, 67 Magnetizing current, 94 
Magnitude, definition of, 239 
Impedance tensor, motional, 214 Matric equations, manipulation of, 12 
of faults, 81 Matrices, addition of, 5 
of machines, 125 column, 3 
of tubes, 32 compound, 14 
of windings, 34 definition of, 3 
transformation formula of, 43 diagonal, 9 
Index notation, 98 inverse of, 7 
Indices, contravariant, 101 linear, 3 
covariant, 101 multiplication of, 5 
dummy, 100 null, 9 


fixed, 98 order of, 11 


INDEX 


Matrices, skew-symmetrical, 10 
symmetrical, 9 
transpose, 8 
unit, 9 
zero, 3, 9 
Mercury-arc rectifier circuits, 81 
Mesh currents, 27 
Mesh network, 22 
Meshes, number of, 44 
Metric tensor, 125, 232, 239 
Minor, 7 
Mixed primitive network, 73 
Motional impedance tensor, 214 
of mechanical problems, 230 
Multiplication of m-matrices, 5 
Multiwinding transformers, balanced, 91 
unbalanced, 53 


Networks, analytical units of, 45 
interconnection of, 28 
mixed primitive, 73 
primitive, 21 
sequence, 67, 77 
sequence primitive, 67 
sub, 45 

Non-holonomic frames, 238 

Notation, direct, 98 
index, 98 

n-Way matrices, 3 


Oscillations, frequency of, 217 


Park’s notation, 162 
Per unit system, 160 
Phase-shift transformers, 91 
Polyphase machines, 177 
induction, 178 
primitive, 178 
Scherbius advancer, 181 
series commutator motor, 183 
shunt commutator motor, 183 
synchronous, 179 
Postulates, generalization, first, 115 
preliminary, 115 
second, 116 
third, 242 
Power, definition, 42 
invariance or, 42 
Primitive network, 21 
Primitive polyphase machine, 178 
second, 193 


Primitive reference frame, 110 
Primitive rotating machine, 118, 121 
second, 192 
simple, 121 
transformation of, 208 
Primitive system, 29 
Primitive transformer, 93 
Primitive winding, 33 


Quadratic form, 10 
Quadrature axis, 120 
Quasi-holonomic axes, 205 


Raising of indices, 240 
Reactance, bucking, 57 
of neighboring coils, 36 
of windings, 33 
types of, 33 
Rectifiers, six-phase, 83 
twelve-phase quadruple, 87 
Reference frames, accelerating, 233 
fixed to rotor, 129 
holonomic, 191 
hypothetical, 65 
oscillating, 228 
rectangular, 110 
rotating, 136, 185 
uniformly moving, 111 
variety of, 186 
Repulsion motor, 144 
Resistance tensor, 125 
Revolving-field theory, 167 
Rotation, of rotor axes, 127 
of stator axes, 139 
Rotation tensor, 127, 206, 240 
Routh’s criterion, 152 


Scalar, definition of, 40 

Scherbius advancer, 181 

Selsyns, 196 

Sequence axes, 65 

Sequence network, 67 

Sequence tensor, 65 

Series polyphase commutator motor, 
Shaded-pole motor, 140 
Short-circuit, 73 

Short-circuit inductances, 240 
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Shunt polyphase commutator motor, 183 


Sign convention, 146 
Simultaneous equations, 17 


ZOU 


Singular transformation, 43 
Small oscillations, 213 
Smooth air gap, 131 
Space, non-Riemannian, 235 
Riemannian, 237 
Speed-control systems, 196 
Spinors, 65 
Squirrel-cage rotor, 120 
Stability of regulating devices, 149 
Star-mesh transformations, 17 
Stokes’ theorem, 108 
Subdivision of networks, 28 
Subnetwork, 45 
Summation convention, 101 
Symmetrical components, 64 
Synchronous machines, 129 
elimination of field axes, 158 
hunting of, 222 
interconnection of, 165 
on infinite bus, 147 
out of step, 163 
polyphase, 194 
reference axes, 129 
steady-state, 162 


INDEX 


Torque, formula of, 131, 144, 191 
synchronizing, 217 
tensor, 125 
Transformation, complex, 64 
constraints as, 47 
formula, of geometric objects, 186 
of spinors, 64 
of tensors, 39 
orthogonal, 186 
singular, 43 
star-mesh, 17 
tensor, 22, 30, 44 
theory, 21 
types of, 27 
Transformers, multiwinding, 53 
phase-shift, 91 
primitive, 93 
three-phase, 91 
Transient stability, 216 
Transpose of 2-matrix, 8 
Triodes, 32 
Turn-ratio tensor, 135 


Unit matrix, 9 
Unit transformation tensor, 140 


Tensor equation, establishment of, 244 Unit vector, 22 


expansion of, 244 
Tensors, conjugate, 64 
connection, 22 
current, 42 
definition of, 39 
dual, 111 
electromagnetic field, 233 
four-dimensional, 110 
hermitian, 65 
impedance, 125, 214 
inductance, 125 
metric, 125, 232, 239 
motional impedance, 214 
resistance, 125 
rotation, 127, 206, 240 
sequence, 65 
torque, 131 
torsion, 234 
transformation, 134 
turn-ratio, 135 
Time as variable, 152 
Time-constant, 217 
Torque, damping, 217 


Valence, 40 

Variables, dependent, 47 
elimination of, 17, 156 
independent, 47 

Vector, contravariant, 101 
covariant, 101 
definition of, 40, 239 
direction of, 241 
flux-density, 126 
flux-linkage, 126 
magnitude, 239 
unit, 22 

Voltage, equation of, 126 
generated, 122, 203 
induced, 122, 203 


Windings, of capacitor motor, 36 
of turbo-alternator, 37 
primitive, 33 
reactance of, 34 


Zigzag connection, 92 
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